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Abstract. Let R be a discrete valuation ring of unequal characteristic with fraction field K 
which contains a primitive p 2 -th root of unity. Let X be a faithfully flat i?-scheme and G be a 
finite abstract group. Let us consider a G-torsor Yk — * Xr and let Y be the normalization 
of Xk in Y. If G = Z/p n Z, n < 2, under some hypothesis on X, we attach some invariants to 
Yk — > Xk- If p > 2, we determine, through these invariants, when Y — > X has a structure 
of torsor which extends that of Yjc — ► Xk- Moreover, we explicitly calculate the effective 
model (recently defined by Romagny) of the action of G on Y . 
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Introduction 

Notation and conventions. Throughout the paper, except in JTJ we denote by R a discrete 
valuation ring (d.v.r. in the sequel) of unequal characteristic, i.e. a discrete valuation ring with 
fraction field K of characteristic zero and residue field k of characteristic p > 0. Moreover, we 
write S = Spec(i?). If, for n £ N, there exists a distinguished primitive p n -th root of unity C, n 
in R, we write A(„) := Cn — 1- Moreover, for any i < n, we suppose Ci-i = Cf ■ We remark 
that ^(A^.!)) = pv(A(„)) and v{p) = p n ~ l (p — l)v(A( n )). We will denote by 7r 6 R one of its 
uniformizers. Moreover if G is an affine i?-group scheme we will denote by R[G] the associated 
Hopf algebra. All the schemes will be assumed nocetherian, however, sometimes we will explicitly 
stress this fact. If not otherwise specified, the cohomology is calculated in the fppf topology. 



Key words and phrases, finite group schemes, torsors, unequal characteristic. 
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Let G be a finite group. It is known that there is a nice smooth proper stack classifying 
admissible G-Galois covers of stable curves over K, with fixed ramification invariants. While 
the problem of understanding its reduction mod n seems quite far from being solved. The first 
phenomenon which may occur is the following. Let us consider a generically smooth stable marked 
curve Y — > S with an action of a finite group G with order divisible by p. Denote X = Y/G and 
let us assume that G acts freely on Y outside the set of marked points. It could happen that the 
reduced action of G on the special fibre is not faithful. An attempt to solve this kind of problems 
is the introduction of the notions of effective models (by Romagny |19| ) and Raynaud's group 
schemes (by Abramovich [3]). They are very similar notions. In this paper we will utilize the first 
one. More precisely we will investigate in detail on effective models of actions of cyclic groups of 
order p and p 2 . 

Another motivation for this work, related in some sense to the first one, is the construction 
of a Hurwitz space for automorphisms of order p 2 of the formal disc Spec(i?[[T]]). We recall 
that for automorphisms of order p it has been done by Henrio ([E])- One of the main tools 
that Henrio used is the strong extension (see later in the introduction for the definition) of 
Z/pZ-torsors over the boundary of the formal disc Spec(i?[[T]]{T- 1 }) where i?[[T]]{T -1 } := 
{Siez a ^- % such that limi— v_oo di = 0}. We will speak again about it at the end of the introduc- 
tion. 

We now introduce more precisely the problem. Let G be an abstract finite group, X a faithfully 
flat scheme over R and Yk — > Xk a G_R--torsor. We remark that, since K is of characteristic 
0, any finite group scheme is etale; so, up to an extension of R, any group scheme over K is an 
abstract group. We call Y the normalization of X in Yk- A natural question is the following. 

Coarse question: is it possible to find a model Q of Gk over R together with an action on 
Y such that Y — > X is a Q-torsor and the action of G coincides with that of Gk on the generic 
fiber? 

If it happens we say that Yk — ► Xk can be strongly extended. We observe that the G-action 
on Yk can be extended to a G-action [i : G x^Y — ► Y. The action could be not faithful on the 
special fiber. The effective model, as we just said, solve this problem. An effective model for \x is 
a flat i?-group scheme, dominated by G, with an action on Y compatible with fx, such that the 
action is also faithful. We will recall its precise definition in SJTJ When it exists, it is unique. This 
implies that if there exists Q as above, then Q must be the effective model of fi. So the above 
question can be reformulated in the following way. 

Question: Which is the effective model Q (if it exists) for the G-action? When is Y — ► X 
a Q-torsor? 

Let us suppose that (\G\,p) = 1. It is classical that, if X is regular with geometrically integral 
fibers then, up to an extension of R, any connected G-torsor can be strongly extended. This follows 
from the Theorem of Purity of Zariski-Nagata ([2 X 3.1]) and from the Lemma of Abhyankar 
(0 X 3.6]). See 14.2.121 for the same result when X is not necessarily regular and G is abelian. 

Let us now consider the case when p||G|. The first case is G = Z/pZ. For this group the 
effective models of its actions have been calculated in some cases. For details see the papers 
of Raynaud ([TBI 1-2-1]), when X = Spec(i?) and R complete, of Green-Matignon ([9l III 1.1]), 
when X is the p-adic closed disc, of Henrio ([HI 1.6]), for factorial affine i?-curves complete with 
respect to the 7r-adic topology, and of Saidi ( |20^ 2.4]) for formal smooth curves of finite type. We 
remark that the above results are true under the further assumption that Xk and Yk are integral. 
In all the above cases, the effective model induces a structure of torsor, i.e. the Z/pZ-torsor 
Yk — ► Xk is strongly extendible. In the affine case, we will extend these results (with weaker 
hypothesis on X) also in higher dimensions and, moreover, we will treat the case G = Z/p 2 Z. 

The paper is organized as follows. In the first section we recall the definition of effective models 
and the principal results about them. These results are taken from [19]. In the second one, we 
recall results (taken from [27]) about the classification of finite and flat group schemes over R 
which are isomorphic to (Z/p™Z)if (n < 2) on the generic fiber. We will call these group schemes 
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models of (Z/p"Z)k (n < 2). These models are the candidates to be effective models for actions 
of Z/pZ or Z/p 2 Z. In the third section, we construct a filtration of H 1 (X, which will be 
useful to find the effective model of Z/pZ-actions and Z/p 2 Z-actions. In Qwe give a weak answer 
to the coarse question for commutative group schemes. For any m £ N and any scheme Z, we 
define m Pic{Z) := ker(Pic(Z) Pic(Z)). The precise statement is the following. 

Corollary. \4-2.8\ Let G be an abelian group of order m and let us suppose that R contains a 
primitive m-th root of unity. Let X be a normal faithfully flat scheme over R with integral fibers 
and m Pic(X) = m Pic(XK). Let us consider a connected G-torsor fx ■ Yk — > Xk and let Y 
be the normalization of X in Yk ■ Moreover, we assume that Yk is reduced. Then there exists a 
(commutative) R-group-scheme G' and a G'-torsor Y' — > X over R which extends fa- 

The point is that we do not require Y' to coincide with Y, i.e. we do not require Y 1 to be 
normal. In such a case we speak about weak extension. Clearly, strong extension implies weak 
extension. 

In Sj5]we study the strong extension of Z/pZ-torsors. Let us suppose that R contains a primitive 
p-th root of unity. We now suppose that X — Spec (A) is a normal faithfully flat i?-scheme with 
integral fibers such that ir £ TZa, where TZa is the Jacobson radical of A, and p Pic(Xk) = (e.g. 
A a local regular faithfully flat i?-algebra with integral fibers) . We will prove in 15.0.11 that any 
connected Z/pZ-torsor Yk — ► Xk is strongly extendible under the assumption that the special 
fiber of the normalization Y of X in Yk is reduced. 

In the sixth section, we consider the case G = Z/p 2 Z. We will assume that R contains a 
primitive p 2 -th root of unity. Let X :— Spec A be a normal essentially semireflexive scheme over 
R (see with integral fibers such that ir £ TZa- We moreover assume v iPic(X-K) = 0. Let 
Yk — ► Xk a connected Z/p 2 Z-torsor, Y be the normalization of Xk in Y, and assume that Yf. 
integral. We will attach to any such Z/p 2 Z-torsor an element of N 4 . Our main result is that, 
for p > 2, this element determines its effective model G, which we explicitly describe (see !6,2.1]l . 
Moreover, we will give a criterion to see if Y is a 5-torsor (see I6,2.7| . Finally, we will give an 
example of Z/p 2 Z-torsor over Xk satisfying the above hypothesis but non-strongly extendible. 

The last section is devoted to study elements of N 4 which arise from a Z/p 2 Z-torsor over Xk 
as above. The main result of this section is the theorem 17.0.81 about the classification of 4-uples 
of natural integers which are associated to strongly extendible Z/p 2 Z-torsors over Xk ■ 

We recall that the case R of positive characteristic has been studied by Sai'di in [22]. He 
proved a result of strong extension of Z/pZ-torsors for formal normal schemes of finite type of 
any dimension ([22, 2.2.1]) and moreover he studied the case of Z/p 2 Z-torsors. His approach is 
slightly different: he is not interested in effective models but only in explicit equations of the 
induced cover on the special fiber. Moreover, he gave an example of non strongly extendible 
Z/p 2 Z-torsors in [21]. Another such example has been given by Romagny ( \19\ 2.2.2]). We 
remark that in equal characteristic there is no criterion to determine if a Z/p 2 Z-torsor is strongly 
extendible. 

To study extensions of Z/p ra Z-torsors, with n > 3, it is necessary to have an explicit classi- 
fication of models of (Z/p n Z)K as done in [27] for models of (Z/p 2 Z)x- The strategy used in 
[27] could be used, in principle, also for models of (Z/p™Z)x- However, this could lead to very 
complicated calculations. 

We finally remark about the construction of a Hurwitz space for automorphisms of order p 2 
mentioned earlier, that, since the strong extension does not work for Z/p 2 Z-torsors, it seems 
reasonable to restrict to automorphisms of order p 2 which induce, on the boundary of the formal 
disc, strongly extendible covers. 
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1. Effective models 

Here we recall some definitions and results about effective models which will play a key role 
in our results about extensions of Z/p 2 Z-torsors. For more details see [19], from which most of 
the material of this paragraph has been taken. In this section R, is a d.v.r. not necessarily of 
unequal characteristic. We firstly recall the definition of model of a group scheme. 

Definition 1.0.1. Let Hk be a group scheme over K. Any flat i?-group scheme G such that 
Gk — Hk is called a model of Hk- If Hk is finite over K we also require that G is finite over R. 

In |15[ § 2], the relation of domination between models of a group scheme has been introduced. 

Definition 1.0.2. Let G\ and Gi be finite flat group schemes over R with an isomorphism 
uk ■ Gi t K — ► G-x,k- We say that G\ dominates Gi if we are given an i?-morphism u: G\ — ► G2 
which restricts to uk on the generic fibre. The map u is also called a model map. If moreover we 
are given two actions fa : Gi X R Y — ► Y, for i = 1,2, we say that G\ dominates G2 compatibly 
(with the actions) if fj,i = [1% o (u x id). 

We now recall the definition of a faithful action. 

Definition 1.0.3. Let G be a group scheme which acts on a scheme Y over a scheme T. This 
action is faithful if the induced morphism of sheaves of groups, in the fppf topology of T, 

G — > Aut T {Y) 

is injective. 

We recall here the definition of effective model given by Romagny. 

Definition 1.0.4. Let G be a finite flat group scheme over R. Let Y be a faithfully flat scheme 
over R. Let \i: G x R Y — ► Y be an action, faithful on the generic fibre. An effective model for 
/1 is a finite flat i?-group scheme Q acting on Y, dominated by G compatibly, such that Q acts 
faithfully on Y . 

Example 1.0.5. Let X be a faithfully flat scheme over R and Q a finite and flat group scheme 
over R. Let Y — ► A be a <?-torsor over R. Then Q is already an effective model. Indeed let 
us suppose that Q — ► Aut R (Y) is not injective. Then there exists a faithfully flat morphism 
U — > Spec(i?) and g 6 Q{U) \ {0} such that 

Y x R U G x R Y x R U ^ Y x H Y x R U 
is equal to A x id : Y x R U — ► Y x R Y x R U where A : Y — ► Y x R Y is the diagonal morphism. 
By the definition of 5-torsor G x R Y x R U Y x R Y x R U is an isomorphism. Then 

Yx R U y -^Gx R Y x R U^Yx R Y x r U^— I Q x R Y x R U 
is the zero section, against assumptions. 

We report here some results about effective models. 



Proposition 1.0.6. An effective model is unique up to unique isomorphism, if it exists. 

Proof. [H 1.1.2]. □ 
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The following crucial remark is the reason for our interest in effective models. 

Remark 1.0.7. Let G be a finite and flat group scheme over R and Y a faithfully flat scheme 
over R. Let //: G XrY — ► Y be an action. Moreover we suppose that Yk — > Yk/Gk is a 
Gx-torsor. Then by 11.0.61 we have that the effective model Q whose action extends that of Gk 
is unique if it exists. Bv ll.0.5l this means that if there exists a model G' of Gk, compatible with 
the action, such that Y is a G'-torsor, then G' is the effective model for /i. 

We recall that an action /i : GxjjF — ► Y is admissible if Y can be covered by G-stable open 
affme subschemes. 

Proposition 1.0.8. Let G be a finite flat group scheme over R. LetY be a faithfully flat scheme 
over R and fi : G XrY — ► Y an admissible action, faithful on the generic fiber. Assume there 
exists an effective model Q . Then 

(i) If H is a finite flat subgroup of G, the restriction of the action to H has an effective model 
TL which is the schematic image of H in Q. If H is normal in G, then H is also normal 
in Q. 

(ii) The identity ofY induces an isomorphism Y/G ~ Y/Q. 

(iii) Assume that there exists an open subset U CY which is schematically dense in any fiber 
of Y — > Spec(i?) such that Q acts freely on U. Then for any closed normal subgroup 
H < G the effective model ofG/H acting on X/H is Q/Ji. 

Proof. 1.1.3]. □ 

Theorem 1.0.9. Let G be a finite flat group scheme over R. Let Y be a faithfully flat scheme of 
finite type over R and let fi: G xY — > Y be an action. We assume that Y is covered by G-stable 
open affines Ui with function ring separated for the ir-adic topology, such that G acts faithfully 
on the generic fibre U^k- Then, ifY has reduced special fibre, there exists an effective model for 
the action of G. 

Proof. [HI 1.2.3]. □ 

We remark that the condition about the separatedness of the function rings of Ui is assured 
if, for instance, we assume Y nocetherian and integral. This follows from the Theorem of Krull 

(ca 1.3.13]). 

If we add some hypothesis on Y, then we have a useful criterion to see if a group scheme which 
acts on Y is the effective model for the action. 

Recall that a module M over a ring A is called semireflexive if the canonical map from M 
to its bidual is injective. Equivalently, M is a submodule of some product module A 1 . Indeed, 
consider the set I = Hom^M, A) and the morphism a : M — > A 1 mapping x to the collection of 
values (f(x))f£i for all linear forms /. By definition, if M is semireflexive then for each nonzero 
x 6 M there exists a linear form such that f(x) ^ 0, so a is injective. The converse is easy. 

Remark 1.0.10. A semireflexive module over R is faithfully flat and separated with respect to 
the 7r-adic topology. Indeed, since M C R 1 for some set /, then M is torsion free, hence flat 
over R. Moreover let x £ ri7r™ l M. Then for any linear form / we have f(x) 6 rm m R = 0. 
Since M is semireflexive over R, this implies ri7r™ l M = 0. So M is separated with respect to the 
7r-adic topology. But, over a d.v.r, being flat and separated with respect to the 7r-adic topology 
implies faithfully flat. Indeed, since rm m M = implies M ^ irM, then M is faithfully flat (see 
[131 1.2.17]). We do not know if the converse is true too, i.e. if any (faithfully) flat i?-module 
separated with respect to the 7r-adic topology is semireflexive over R. 

Remark 1.0.11. If M is semireflexive over R and M' C M is an inclusion of i?-modules then M' 
is semireflexive over R. It easily follows by definition. 
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Example 1.0.12. Any free i?-module is semireflexive over R, e.g. any reduced faithfully flat R- 
algebra of finite type with geometrically irreducible fibers (see \W\ 3.3.4,3.3.5]). Other examples, 
not free, are i?[[Ti, . . . , T n \] or 

R[[T 1 ,...,T„]}{T^\...,T- 1 }:={ V a il ,,, in T il . . . T in such that lim a n ... ln =0}. 

«lH Hre — > — oo 

(•ii,...,i„)eZ™ 

Finally, if R is complete, X — > i? a smooth surjective morphism of finite type of dimension n 
and x G X a closed point in the special fiber with residue field k then Ox,x is semireflexive over 
R. This follows from the previous remark since Ox.x f= Ox,x — . . . , T n ]]. 

The following lemma will be useful in Sj6l 

Lemma 1.0.13. Let A be an R-algebra which is semireflexive as an R-module and let B be a 
flat R-algebra. If there exists a finite R-morphism of modules 

A — > B, 

such that Bk is semireflexive as an Ak -module, then B is semireflexive as an R-module. 

Remark 1.0.14. In particular any finite and flat -R-algebra is semireflexive as an i?-module. 

Proof. Let us consider Bk- It is a vector space over K, so in particular it is semireflexive over K. 
Since A and B are flat over R, the natural maps A — ► Ak and B — > Bk are injective. We now 
prove that B is semireflexive over A. Let b G B and let us take an ^4if-linear form / : Bk — > Ak 
such that f{b) ^ 0. It exists since Bk is semireflexive over Ak- Let b±, . . . , b m generators of B as 
an A-module and let n G N such that ir n f(bi) G A for i = 1, . . . , m. Then we have n n f(B) C A. 
Moreover, n n f(b) ^ 0, since A is flat over i? by ll.O.ltil So ir n f : B — ► A is a linear form with 
7r ™/(^) 7^ 0- Then -B is semireflexive as an yl-module. But A is semireflexive over R. Therefore, 
B is semireflexive over R. Indeed for any b G B let us take an A-linear form g : B — ► A with 
g{b) ^ 0. Moreover, let us consider an i?-linear form h : A — ► R such that h(g(b)) ^ 0. Then 
ho g : B — > i? is an i?-linear form with h o g{b) ^ 0. Hence, B is semireflexive over R. □ 

Definition 1.0.15. We will say that a morphism of schemes / : X — > T is essentially semireflexive 
if there exists a cover of T by open affine subschemes Tj, an affine faithfully flat T^-scheme T/ for 
all i, and a cover of X| = X Xt T- by open affine subschemes X^, such that the function ring of 
X-j is semireflexive as a module over the function ring of T[. 

This is a generalization of the definition of an essentially free morphism given in [1] . The proofs 
of the following two lemmas have been suggested to us by Romagny. 

Lemma 1.0.16. Let X be essentially semireflexive and separated over T. Let G be a T-group 
scheme acting on X — > T . Then the kernel of the action is representable by a closed subscheme 
ofG. 

Proof. Proceeding like in £Q we are reduced to proving the analogue of [TJ 6.4]. Then the proof 
given in [T] works in our case, because the only property of free modules that is used in the proof 
is that they are semireflexive. □ 

The next lemma is the reason we are interested in essentially semireflexive schemes. Indeed, 
in such a case we have an useful criterion to check if a finite group scheme is an effective model. 

Lemma 1.0.17. Let G be a finite and flat R-group scheme which acts on an essentially semire- 
flexive R-scheme. Then the action of G is faithful if and only if the action of Gk on the special 
fibre is faithful. 

Proof. Only the if part needs a proof. Let Iq be the augmentation ideal of G and let J be the 
ideal defining the kernel H of the action. Since H is a subgroup scheme of G and Hk is trivial, 
then 



(1) 



J CI G and I G + nR[G] = J + nR[G] 
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Moreover, since R[G]/Ig is flat over R then 

(2) I G mrR[G]=TrI G . 

We now claim that 

I G = J + irI G . 

Clearly J + irI G C I G . We now prove the converse. Let a £ I G , then from {1} it follows that 
a = b + ttc for some b e J and c G i?[G]. Since, J C 7 G then 7rc £ H 7ri?[G]. Therefore, by 
(HI) we have c & Iq. Hence, I G Q J + ttI g . We have so proved Iq = J + irI G . Then Jg/J is 
an i?-module of finite type and (I G /J) ®r k — I G /(J + nI G ) = 0, so I G /J = by Nakayama's 
lemma. Hence, the kernel is trivial. □ 

2. Models of (Z/pZ) K and (Z/p 2 Z) K 

2.1. Some group schemes of order p n and models of Z/pZ. Let G be a constant finite J2- 
group scheme. By definition, the effective model for a G-action over a scheme Y is, in particular, 
a Gir-model Q of G with a morphism G — > Q. Since G is etale, for any model Q' of Gk 
the existence of a morphism G — ► 5' is automatic: Q 1 is finite over R so you can take the 
normalization map. In this section we recall results about models of (Z/pZ)x and (Z/p 2 Z)^. 
The results are taken from [27]. See there for the proofs and for more details. 

We introduce some i?-smooth unidimensional group schemes. For any A G R define the group 
scheme 

aW=Spec(J2[T jr -l^]) 
The i?-group scheme structure is given by 

T i — >1®T + T(g)l + AT®T comultiplication, 
T i — ► counit, 
T 

T i — ► — coinverse, 

1 + AT 

We observe that if A = then ~ G . It is possible to prove that (A) ^ £ (ai) if and only 
if u(A) = u(yj) and the isomorphism is given by T i — ► ^T. Moreover, it is easy to see that, if 

A G ttR \ {0}, then ~ G a and ~ G m . It has been proved by Waterhouse and Weisfeiler, 
in [28l 2-5], that any deformation, as a group scheme, of G a to G m is isomorphic to for some 
A G 7ri? \ {0}. If A G R \ {0}, we can define the morphism 

a x : — > G m 



given, on the level of Hopf algebras, by T i — ► 1 + AT: it is an isomorphism on the generic fiber. If 
v(X) = then a x is an isomorphism. For any flat i?-scheme X, let us consider the exact sequence 
on the fppf site Xfi 

(3) — > 5^ ^ G m — > i*G m ,;r, — » 0, 

where i denotes the closed immersion X\ = X (g)R {R/ \R)^X (see |25l 1.2]). This gives the 
following associated long exact sequence 

— > ff°(AT,e (A) ) — > tf°(X,G ro ) — > £T°(X A ,G ro ) — > 

(4) 

— * H 1 (X, Q^) — ► G m ) — ► H 1 (X\, G m ) — ► . . . 

We now define some finite and flat group schemes of order p n . Let A G R satisfy the condition 

(*) v(p)>p n -\p-l)v(\). 
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Then the map 

is an isogeny of degree p n . Let 

G\,n ■= Spec(i?[T]/P A: „(T)) 

be its kernel. It is a commutative finite flat group scheme over R of rank p n . It is possible to 
prove that 

{G\,n) k Hp if v(X) = 0; 
(G A ,„) fc ~ a pn if p n -\p - IMA) < v(p); 
(G A ,„) fe ~ cv-i x Z/pZ if p"- 1 ^ - l)v(X) = v(p). 
We observe that a x is compatible with ip\, n , i-e the following diagram is commutative 

(5) gW_2i^G m 
Then it induces a map 

„ A,n /- r 

01 ■ Lr\,n ► Hp n ! 

which is an isomorphism on the generic fiber. And if u(A) = 0, then a X ' n is an isomorphism. We 
remark that 

(6) Honv(G A ,„,GV, n ) ~ Z/p™- r Z, 

where r = min{0 < r' < n such that p r v(A) > v(A')}. The morphisms are given by 

G\, n ► G\',n 

; (1 + AT)^-1 
' * A' 

for i = 0, . . . ,p n ~ r — 1. It follows easily that G Aj „ ~ G A < !rt if and only if v(X) = v(X'). 
From the exact sequence of group schemes 

we have the exact sequence of groups 
(7) 

... — H°(x,g^) H°(x,g^ pn y) — ^(x.g^) /f^x^W) — fr 1 ^,^"")) - 

In the following when we speak about G Aj „ it will be assumed that A satisfies (*). If R contains 
a primitive (p™)-th root of unity then, since v(p) — p n ~ 1 (p — l)w(A( n )), the condition (*) is 
equivalent to v(X) < v(X^ n \). The following result classifies models of Z/pZ. 

Theorem 2.1.1. Lei us suppose that R contains a primitive p-th root of unity. If G is a finite 
and flat R-group scheme such that Gk — Z/pZ, then G ~ Ga,i for some X G R \ {0}. 

Proof. See [H III 3.2.2]. □ 
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2.2. Models of Z/p 2 Z. We firstly recall the definition of some smooth i?-group schemes of 
dimension 2, which are extensions of by Q^ x \ for some G R \ {0}. We remark 

that it is possible to prove that any action of on is trivial ([24, I 1.6]). Let Y = 
Spec(i?[Ti, . . . , T m ]/ (Fi, . . . , F n )) be an affine i?-scheme of finite type. We recall that, for any 
i?-scheme X, we have that Homs c / 1 (l', Y) is in bijective correspondence with the set 

{(oi, . . . , a m ) G H°(X, OxTWtiau a m ) = 0, . . . , F n {a u ...,a m ) = 0}. 

With an abuse of notation we will identify these two sets. If X and Y are i?-group schemes we 
will also identify Hom 9r (X, Y) with a subset of 

{(oi, . . . , a m ) G H°(X, OxTWtiau ...,a m ) = F n {a u ...,a m ) = 0}. 

For any A G R \ {0} let us define 5a := Spec(R/\R). We now fix presentations for the 
group schemes G m and with A G ttR. Indeed we write G m = Spec(i2[5, 1/5]) and = 
Spec(i?[5, 1/1 + A5]). We observe that by definition we have that 

Hom^^isx.G^sJ = {F(5) G (R/XR[S, -J—^])*\F(S)F(T) = F(S + T + »ST)} 

We remark that throughout the paper will be a conflict of notation since 5 will denote both 
Spec(i?) and an indeterminate. But it should not cause any problem. If we apply the functor 
Rom gr {g^\ ■) to the sequence ([3]), we obtain, in particular, a map 



This map is given by 



Fi — >£ (/J 



where 



£(M,A;F) 

is a smooth affine commutative group defined as follows: let F(5) G R[S] be a lifting of F(S), 
then 

£(^ F > = Spec^x, 5 2 , -J—, 1 — ]) 

l + /j,Si F(5i) + A5 2 

(1) law of multiplication 

51 i — >5i O 1 + 1 ® 5i + ^5i ® 5i 

5 2 ^5 2 8> F(5i) + F(5i) g> 5 2 + A5 2 <g> 5 2 + 

F(5i) ® F(5i) - F(5i ® 1 + 1 ® 5i + ^51 ® 5i) 



(2) unit 



(3) inverse 



A 

5i i — > 

1 - F(0) 



5 



2 



5i 
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Moreover, we define the following homomorphisms of group schemes 

G w = S P ec(i?[S, (1 + AS)" 1 ]) — > 



by 



and 



by 



S i i — ► 

1 - F(0) 



St 1 > D 



A 



£ (m,a ; f) _^ g w = Sp ec(R[S, — ^]) 

1 + flO 



S — > Si. 

It is easy to see that 

(8) o — ► g {x) — > £(^ F ) — ► — > o 

is exact. A different choice of the lifting F(S) gives an isomorphic extension. We recall the 
following theorem. 

Theorem 2.2.1. For any A, /i G R \ {0}, 

a : Hom sr (gg,G„ l | S J^Ext 1 (g^,a (A) ) 

is a surjective morphism of groups. And ker(a) is generated by the class ofl + ^iS. In particular 
any extension of by is commutative. 

Proof. See [TA. §3] or [24], II 1.2] for the case /Lt, A £ ttR \ {0} and [H I 2.7, II 1.4] for the 
others. □ 

Example 2.2.2. If vQi) = or v(X) = we have that Ext 1 ^), t/W) = 0. 

We are interested in the study of the models of (Z/p 2 Z)x- Let us suppose that R contains a 
primitive p 2 -th root of unity. So (Z/p 2 Z)x ~ (fj. p 2)x- Bv l2.1.lt it is easy to show that any such 
model is an extension of G^.i by G\ t i for some //, A G i? \ {0}. So the first step is to study the 
group Ext {G^i, G\,i). We remark that it is possible to show that any action of G M ,i on G\,i is 
trivial. We now define some extensions of G^i by G\,i- 

Definition 2.2.3. Let F G Rom gr (G fl .i^ s ^ 1 G m \ Sx ), j £ Z/pZ such that 

FiSWl + nS)-* = 1 £ Rom gr (G^ llSxp ,& m \ SxP ). 

Let G i?[S] be a lifting of F. We denote by £^ X > F ^) the subgroup scheme of £^ F ) given 

on the level of schemes by 

£^ = Spec (W 2 ]/(^ + " S f - 1 , - 1; 

We moreover define the following homomorphisms of group schemes 

G x ,i — » £ ( ^< A;Fj) 

by 

Si i — ► 

A 

and 
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by 

S i — >Si. 

It is easy to see that 

— > G A ,i — > £ ^' AiF ^ — » G M ,i — 
is exact. A different choice of the lifting F(S) gives an isomorphic extension. It is easy to see 
that, as a group schemes, (S^' X ' F ' j ^) K ~ (Z/p 2 Z) K if j ± and (5 (^ A ; F >°)) K ~ (Z/pZ x Z/pZ) K . 

Remark 2.2.4. In the above definition the integer j is uniquely determined by F G Hom flr (G jUi i, g ^ , C 
if and only if X p \ [i. 

We recall the following result. 

Proposition 2.2.5. Let A,/ieiJ\ {0}. TTie restriction map 



induced by 



i* : Hom sr (^fe ,G m |g x ) — ► Hom ffr (G ft i, Sx , G m |s.J 



is surjective. If p > 2, v(p) > (p—l)v(p) > andv(n) > v(X) > 0, i/ien we have an isomorphism 
of groups 

{£r/\r)p '■ (R/XR) F — ► Hom gi .(G AIi i| 5A ,G m |5 A ) 

given by 

a i— > £!p(o5) := ^ 



i=0 



Proof. See [13 4.15, 4.22]. We remark that there is a similar statement for v([i) < v(X) which we 
omit since, as we will see, it is not of interest in this paper. □ 

We now remark about definition 12.2.31 Applying the functor Hom gr (-, G m tg x ) to the exact 
sequence over S\ 

o — g m ,i gM — » o, 

we have that 

(9) ker ^i* : Hom gr (Q^, <G m | S J — > Hom^G^i^, G TO | S J^ = Hom^^', Gm|sJ- 

So let F(5) G Hom s . r (G M ,i| SA , G m |5 A ). By 12.2.51 we can choose a representative of F(S) in 
Hom gr (g(^ | Sa , G m |5 A ) which we denote again F(<S) for simplicity. We remark that F(S) P G 
Hom gr (t/^)|5 AP , G m |5 AP ). Therefore, by (3$, we have that 

+ = 1 G Hom 9r (G^, 1|Sxp) G m | SxP ) 

is equivalent to saying that there exists G G Hom^C?^' | Sap , G m |s AP ) with the property that 

+ = G( (1+/ ^ )P ~ 1 ) G Hon V (g^| SAP ,G m|SAP ). 

This implies that £(P>*'< F <i) can be seen as the kernel of the isogeny 

J.j . a (m,A;F) o(M p ,Ai»;G) 

Di I > — 



5'2 



where F, G G i?[5] are liftings of F and G. 
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Example 2.2.6. Let us define 

p- 1 i n fc-i 

— i — A (2)' 

fc=l 

We remark that v(r\) = u(A( 2 )). We consider 

F(S) = E P ( V S) = £ 
fc=i 

It was showed in |26l §5] that, using our notation, 

Z/ZZ-^CD^W^m) 

as group schemes. A similar description of Z/p 2 Z was independently found by Green and 
Matignon ([8]). 

Example 2.2.7. It is easy to see that G\,2 is isomorphic, as a group scheme, to <^' 1 > 1 ). 
Let us define, for any //, A G R with v(X) < u(A(i)), the group 



rad p ^\(< 1 + /iS 1 >) := |(F (5), j) G Hom^G^i^, G TO | S J x Z/pZ such that 
We can define the map 

(3 : rad p ,x(< 1 + l*S >) — > Ext^G^i, G A ,i) 

by 

(F(S),j) £(*WS)J) 
It has been proved in [27] 4.38, 4.39] that it is an injective morphism of groups. The image of (3 
is the set {£(1*1^(8) J) } s which is therefore a group isomorphic to rad Pt \(< 1 + /iS" >). 

Theorem 2.2.8. Let us suppose p > 2. Le£ /i, A G R \ {0} fee u(A(i)) > > u(A). Then, 
rad Pt \(< 1 + //S 1 >) is isomorphic to the group 



$ m ,a := 
through the map 



| (a, j) G (R/XR) F x Z/pZ smc/i ttai pa - jp = a p G i?/A p i? 



(a, j) i — ► (E p (aS),j) 

Proof. [HI 4.47] □ 

Remark 2.2.9. It is clear that if (0, j) G < & ai ,a, with j ^ 0, then p. = mod A p . 

Remark 2.2.10. From the proof of this theorem, it also follows that £0 i > A >- F >j) j with = 
Ep(aS) G Hom gr (G M ,i| SA , G m |5 A ), is the kernel of the isogeny fJ AfG , with G(5) = E p (a p S) G 
Hom gr ( G M , 1 1 Sap , G m | SxP ) . 

We recall that we are interested in group schemes which are generically isomorphic to Z/p 2 Z 
and not in extensions. We call 

*i,A :={oeii/\R|(a,l)G$ Ml A}; 
it is only a set. The following result says that every extension represented by an element of A 
is a model of (Z/p 2 Z)^ as a group scheme. 

Theorem 2.2.11. Let us suppose that R contains a primitive p 2 -th root of unity. Let G fee a 
model of {'L/p 2 'L)k- Then there exist unique u(Am) > m > n > and a G <&\ m/n ™ such that 
q ~ £0 >w ;E p (aS),i) an ^ moreover <&\ m n „ is one of the following. 
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a) If m < pn, <J>* m w „ is nonempty if and only if pm — n > v(p), and it is the set 

n- ha£ R/n n R s.t., for any lifting a G R of a £ R/n n R, 

Am 



pv{a) > maxjpri + (p — l)m — v{p), n} 



For the definition of n see \2.2.6\ 
b) If m > pn then m „.„ is the set 



a E R/XR s. t., for any lifting a 6 *, ^(d) > max { pn + (p - l)m - 9 (p),»} 
Conversely if a 6 $*m i7r „ tfien £(* m V;£ P (aS)4) j s a morfe / ^ (Z/p 2 Z) K . 

Proo/. See [23 4.51 and 4.58]. The notation „.« is not used there. □ 

Remark 2.2.12. Let us suppose m < pn. Let b G <&4 m 7r»- By l2.2.9l then 6^0. Let b 6 i? be any 
of its lifting. Then = = m ~ "^n- Indeed, by the theorem, we have b = + a 

for some a € R/n n R with w(a) > v(rjj^) = m — ^i, where a G i? is any lifting of a. 

The following proposition tells us, in particular, when two extensions as above are isomorphic 
as group schemes. 

Proposition 2.2.13. Let a t G A , for i = 1,2. We set F t (S) = E p ( ai S). Let 

J . £(fiAi;-Fi,l) > £(M2.A 2 ;-F2,1) 

&e a model map between models of {'L/p 2 'L)k- Then it is a morphism of extensions and it is given 
by 

(1+MiSxTg-l 

(10) 

(Ji(5i) + Ai&Hl + /xrffi)* - F 2 ( ( 1+ ^ » - 1 ) 

82 ~ A^ 

for some r G (Z/pZ)* and s G Z/pZ, Moreover, it exists if and only if v{n\) > v(p 2 ), v(Xi) > 
v(\2) and 

(11) ai = — a2 mod A2. 

Moreover, any such f is an isomorphism if and only ifv(fii) — v(p 2 ) and i>(Ai) = u(A2). 

Proof. See [27j 4.54, 4.55]. There the statements are slightly more general. □ 

2.3. Torsors under G\^ n and £(^ A ; F ( S ) j) . We begin describing explicitly G^.n-torsors. 

Proposition 2.3.1. Let X be a faithfully flat R-scheme and let f : Xfi — ► Xzar be the 
natural continuous morphism of sites. Then R 1 f*(Q^') = 0. In particular H 1 (X,Q^) = 

H\x Zar ,gW). 

Proof. It is sufficient to prove that H 1 (Spec(A),Q^) — for any local ring A flat over R. If 
A = 0, then ~ G a and the statement is classical ([HI III 2.14,3.7]). Let us now suppose 
A ^ 0. We recall that we have the following exact sequence (see (j4|) 

— ► H°{Spec(A),g^) — ► H°(Spec(A),G m ) — > H°(Spec(A/XA),G m ) — > 

— ►fl" 1 (Spec(A),aW) — ► fl" 1 (Spec(A),G fIl ) — > H\Spec(A/XA),G m ). 



14 



DAJANO TOSSICI 



But, since A is local, then H (Spec (A), G m ) — > H°(Spec(A/AA), <G m ) is surjective. Moreover 
by Hilbert 90 (see [II 111.4,9]) we have i? 1 (Spec(A), G m ) = Pic(Spec(A)). But, since A is local 
then Pic(Spec(A)) = 0. So H x (Spec(^), (A) ) = 0, as necessary. Since i?V*(^ (A) ) = 0, it follows 
by the Leray spectral sequence that 

H\x,g^) = H\x Zar ,g^). 

□ 

If Y — > X is a G-torsor, we will denote by [Y] the class of the G-torsor in H 1 (X,G). Now 
let Y — > X be a GA, n -torsor. Let us consider the exact sequence |(7|). By 12.3.11 we can take 
a covering {Ui — Spec(Ai)} of X by affine subschemes such that the class (£*[^])|Ui is trivial, 
where i : G\ n — > QW . This means that 



(12) Y Wi = Spec ( A z [T t ]/( (1 + A g P - /, . 



for some fa e A t such that 1 + X p " £ A*. Moreover, 1 + XT, = /y(l + AT,) with {fy = 
l + \g ij } = i*[Y]eH 1 {X,gM). 

Remark 2.3.2. Andreatta and Gasbarri (see [4]) have given a description of GA, n -torsors from 
which they deduced that a G\ „-torsor is locally (fT2"ll . From this fact they deduced that ff 1 (X, Q^) 

H\x Zar ,gW). 

We now give an explicit description of £ ^ ,A ' F ( s )' J )-torsors. Let £(^> A ; F ( 5 )j) be a group scheme 
as in the previous subsection. We have seen that there is the following exact sequence 

, £(l*,*F(S)d) _L> £(p,A;F(S)) ^iU.F.o E (^X-G(S)) > q 

forG(S) e Hom gr (G^ P )|5 AP ,G m | SAP ) such that F(SY>(l+nS)-J = G( (1+ y~ 1 ) e Hom sr (^)| S , 

The associated long exact sequence is 

(13) 



Corollary 2.3.3. Lei X 6e a faithfully flat R-scheme and let f : Xfi — ► X Za r be the natural 
continuous morphism of sites. For any R-group scheme £(^' A ' F ) ; we have R 1 f*(£( fl > X ' F >) = 0. In 
particular, H 1 (X,£ < -^ X ' F ">) = H 1 {X Zar ,£^' x < F ">), 

Proof. Let us consider the exact sequence (0 , in the fppf topology, 

► g {X) ► £(^;F) ¥ g(») , Q 

If we apply the functor /* , we obtain 

• ■ • — > i?V*e (A) — > i?7*(£ (M ' A;F) ) — > i?7*e (Al) — » • • • 
Bv l2XTl it follows that i?V*(0 (A) ) = i? 1 /*^^) = 0. Hence, R 1 f*(£<-' i ' x '< F ">) = 0. As in [2XTl we 
conclude that H^X^^) = H 1 {X Zar ,£^ F ">). □ 

Let F{S)i G{S) be liftings of F(S) and G{S) in We remark that 

H°(X,£^ X ' F ^) = {(/ l7 / 2 ) e H°(X, O x ) x ff°(X,O x )| 

1 + eff°(A, O x )* and F(/ x ) + A/ 2 e fl°(X, O x )*}, 

and 

^O^^feAjGCS))-, = {(/ij/2) £ H {x ^ Qx) x ff0(X) 0x)l 

1 + m p /i G H°(X, Oxf and G(/i) + \ p f 2 G ff°(A, X )*}. 
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The map (V^.a,f,g)* : H °( x > £ (ai ' A;F(5)) ) — > H°(X, £(m,A;G(s))) is given by 

, (i + mAF - 1 (*U) + + - G( (1+ ^ P - 1 ) 
(/i,/ 2 ) — > ( , ^ J. 

Now let us suppose that X = Spec(A). We describe explicitly the map 5. We have 

H°(X, £<*».AiG<s))) = {(/ X) / 2 ) e A x A|l + e A* and G(/i) + A p / 2 £ A*}, 
and is, as a scheme, 

U4) y - S pecA[r„rj/( fl + "g>' = 1 - /„ &™ + ^,T,r' - 6(A) _ fe 

and the ™ J ' -action over F is given by 

Ti i — ►Si + Ti + fiSiTi 

T 2 ^S 2 F(T 1 ) + F(Si)T 2 + XS 2 T 2 + 

F(Si)F(Ti) - P\Si + T\ + M-giTi) 
A 

Now let X be a faithfully i?-scheme. If Y — > X is a £ (^ A ^( s ) >J')-torsor then, bv 12X51 there 
exists a Zariski covering {{/, = Spec(Ai)} such that (t*)^ ([^]) = 0, for any i. This means that 

vfe - spec A|r 1 ,r 2 ]/(<i±i^i - /l| „ (^) + AT 2 Hi+,r 1 )- J '-c(/ 1 ) _ fc 

for some fi,i,f 2 ,i as above. By a standard argument we can see that the cocycle £ 
ff^l^ar, £(^ A ; F )) permits to patch together the torsors IW to obtain Y. In ^3 we will consider 
the case X affme and we are interested only in £( M ' A ' Fj )-torsors of the form (fl4|) . 

3. A FILTRATION OF H 1 (X, ^ pn ) 

We firstly recall the following result. 

Proposition 3.0.1. Let X be a normal integral scheme. Let f : Y — ► X be a morphism with a 
rational section and let g : G — ► G' be a map of finite and flat commutative group schemes over 
X, which is an isomorphism over Spec(K(X)). Then 

rg^.H 1 {X,G)^H\Y,G l Y ) 

is infective. 

Proof. See [22 4.29]. □ 

Remark 3.0.2. The previous result will be applied to the case / = idx or to the case / : U — ► X 
an open immersion and g = idc- 

We refer to $2] for the notation. For any A, \x £ R with v(X) > v(n) we have a morphism 
gW — ► gW defined by T i — ► |T. If v(p) > p n - 1 {p - l)u(A), it is compatible with ip x>n and 
i>n,n- So it induces a morphism G\^ n — ► G Mi „ such that 



Hp" 
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commutes. Let X be a normal integral faithfully flat i?-scheme. We obtain the following com- 
mutative diagram 

H (X, G\ <n ) *■ H 1 (X, G M: „) 

and, applving l3.0,lt we have that (a A, ")» and are injective. Hence, H 1 (X, G\. n ) — >H 1 (X, G^^) 

is injective. So we have proved the following proposition. 

Proposition 3.0.3. Let X be a normal integral faithfully flat R-scheme and let io — max{i|u(p) > 
p n ^ 1 {p — l)u(7r*)}. Then, for any n, we have the following filtration 

0CJ/ 1 (X,G,^„) C^pCGU-iJ Q...CH\X,G 1[ , n )CH 1 (X,n P »). 

When comparable the above filtration coincides with that of [20, 5.2]. Moreover it coincides 
with that of [T71 p. 262] if n = 1 and X — Spec(^4) with A the integer ring of a local number field. 
If R contains a primitive p n -th root of unity, then i = u(A( n )), 

4. Weak extension of torsors under commutative group schemes 

The aim of this section is to prove a result of weak extension for torsors under commutative 
group schemes over normal schemes with some hypothesis. 

4.1. Preliminary results. We here state some results which will be useful in what follows. 

Proposition 4.1.1. Let i = 1,2. Let Z{ be a faithfully flat S-scheme and let Gi be an affine 
flat S -group scheme, together with an admissible action, over a faithfully flat Zi-schemes Yi. 
Moreover, we suppose that Y<x — ► Z 2 is a G2-torsor and that there exists a morphism 

<Pk '■ (Gi)k — > (G 2 )if . 
Let us suppose we have a commutative diagram 

Yi ^Y 2 

Z\ 9- Z 2 

of S-schemes such that fx is an isomorphism compatible with the actions. Then there exists a 
unique morphism 

<p : G\ — ► G2 

which extends ip K and such that f is compatible with the actions. 

Proof. For 2 = 1,2 we call Oi : Gi x rYi — > Yi the actions. Since Y% — > Z2 is a G2-torsor, then 
02 x id is an isomorphism. So by 

Gi X R Yi Y 1 x Zl Yy J — i Y 2 x z . 2 Y 2 y — i G 2 x R Y 2 
we obtain a morphism 

Gi x R Yy — > G 2 x R Y 2 . 
If we compose it with the projection p\ : G 2 x r Y 2 — ► G 2 , we obtain a morphism 

G x x R Y 1 ^G 2 . 

Moreover, we consider the projection 

P2 ■ Gi x R Yi — > Yi. 
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Therefore, we have a map 

(15) ip Yl :G 1 x R Y 1 ^G 2 x R Y 1 . 

We now prove that it is compatible with ip K , i.e. ip Yl an d fx induce the same morphism 
Gi Xr (Yi)k — > G2 Xr {Y\)k- We observe that <p Yl and <p K induce two morphisms, {<p Yl )x and 
{<Px)yi respectively, which are compatible with fx- For any ip : G\ Xr (Yi)k — > G2 Xr (Y\)x, 
to be compatible with fx means that the following diagram 

Gi Xr (Y 1 ) K (Y^k 
(id x f K ) otfi f K 
G 2 Xr (Y 2 ) K -2+ (Y 2 ) K 

commutes, i.e. a 2 o (id xfx) ° ip — fx &i . So we have 

cr 2 o (id x/x) o (v?yi)k = °2 o (id x/k) o (y^)^ = /a: o o\. 

Moreover, since p 2 o (id x/#-) = °P2 and p 2 o (^y^x = P2 (VjiOyi = -P2 it follows that 
p 2 ° (id x/k) o ((PyJk =p 2 ° (id x/r-) o (<p k )y 1 = fx ° Pi- 

Since {Y 2 )x — > {Z 2 )x is a (G^x-torsor, then 

(id xf K ) o (^yjif = (id xf K ) ° {<Px)y 1 - 

For i — 1,2, let be the projections from G 2 Xr {Y\)x and let p\ be the projections from 
G 2 x R {Y 2 ) K . Then 

Pi (<PYi)tf = Pi (id x/jf) o {<P Yi )k = Pi (id xfx) ° (Px)y 1 =Pi° (p k )y 1 - 

and 

fx op 2 o (<p Yl ) K = v'i o (id x fx) o (^y-j )jf = p' 2 o (id x / K ) o (<p K ) Yl = fx ° p 2 ° (p k )y 1 ■ 

Since fx is an isomorphism, then p 2 o (<£y )jc = P2 (Vji')i'i- Hence, (^yjic = (^k)^, i-e. 
(fix is compatible with ^ . By the next descent lemma we have a unique morphism of schemes 
ip : Gi — > G 2 which extends ip K and ip Yi . Since G\ is flat over R, ip K is a morphism of 
group schemes and G 2 a separated scheme over R, then tp is a morphism of group schemes. By 
construction it is clear that, through <p, the morphism / preserves the actions. □ 

We now prove the descent lemma used in the previous proof. 

Lemma 4.1.2. Let S' — > S be a faithfully flat morphism. Let X\,X 2 be affine S-schemes with 
X 2 flat over S . Given two morphisms tpx ■ {X\)x — * {X 2 )x and ips> '■ X\ X5 S' — > X 2 XgS" that 
coincide on S' K , there is a unique morphism ip : X\ — > X 2 that extends them. 

Proof. Up to restricting ourselves to an affine subscheme of S' , we can suppose S' = Spec(A). 
For i = 1, 2, let us consider = Spec(Bj). In terms of function rings we have two morphisms 

(16) tp\ := <pg, : B 2 ® R A — ► B 1 ® R A 
and 

(17) p K :B 2 ® R K — » Si ® K K 

Moreover, by compatibility, it follows that the above morphisms induce the same map 

Pa k ■= <P A ® idx = (<Pk) ® id A K ■ B 2 ® r A®rK — >B 1 ® R A ®r K. 
First of all we prove the uniqueness of tp. Since X 2 is flat over S, then the inclusion (X 2 )x — ► X 2 
induces an injection B 2 ^ B 2 ®r K. Therefore, if (any) ip exists then it is given, on the level of 
function rings, by the restriction of tp K to B 2 . Therefore it is unique. 
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We now prove the existence of <p. We have the following commutative diagram with the obvious 
maps 



Bi® R A 




Since S' — > S is flat, in particular, the induced map R — ► A is injective. Moreover, B2 is a 
flat i?-algebra, then for i = 2 all the maps of the above diagram are injective. We remark that 
(fTHjl and 021 imply V Ak (B 2 ) C (B 1 <Z>r K) n (B x ® R A). We claim that <P Ak {B 2 ) C B x . Let 
us suppose that there exists b G B 2 such that <p A (b) $ B\. Then there exists n > 1 such that 
7r"^ K (6) £ Si and t^-VakW ^ B i- Hence, 

We remark that since S" — > 5 is surjective, then S' k = Spec(A/irA) is nonempty. Now, since any 
scheme over a field is flat, 

Bi/nBi — > (B x ® R A)/n(Bi ®rA) ~ B 1 /nB 1 ® k A/ttA 

is injective. Therefore, 

Si n7r(Bi ® fi 4) = ttBi, 
which implies ir n ~ 1 ip\ K (b) E B\. This is a contradiction. So ^ induces a morphism 

tpt : B 2 — > Bi. 

We have so proved that yjjf : (Ii)a: — > (^2)if is extendible to a morphism i/3 : Y\ — > F 2 - D 
The following easy consequence of the previous lemma will not be used in the rest of the paper. 
Proposition 4.1.3. Let G be an affine flat and commutative S-group scheme. Then 

H X (S,G) — > H\K,G K ) 

is injective. 

Proof. Let / : Y — > S be a G-torsor. This means that there exists a faithfully flat S'-scheme T 
such that Yt :=YxxT i — ► T is trivial (for instance we can chose T = Y). Then it has a section 
ip T : T — ► Yt. Moreover let us suppose that Y — > S is trivial as G^-torsor on Xk ■ Then there 
is a section tp K : Spec(if) — ► Yk of Yk — > Spec(i^). Since G is affine then / : Y — * S is an 
affine morphism. So Y is affine. From the previous lemma the thesis follows. □ 

Lemma 4.1.4. Let X, Y be integral faithfully flat schemes over S. Moreover, let us suppose that 
X is normal. If f : Y — > X is an integral dominant S -morphism then, fk is schematically 
dominant, i.e. /| : Ox k — ► f*@Y k is injective. In particular, if Yk is integral (resp. reduced) 
then Xk is also integral (resp. reduced). 

Proof. Since any integral morphism is affine by the definition, it is enough to prove the lemma 
in the affine case. So we can suppose X — Spec(A), Y = Spec(-B) with an integral injection 
A > B. We will prove that Ak Bk- This is equivalent to proving ttBhA = ttA. One inclusion 
is obvious. Now let a G ttB n A, then a — nb with b £ B. We remark that b = ^ 6 Ak n B is 
integral over A. But A is integrally closed by hypothesis. Therefore b e A. 

It follows immediately the last statement. □ 

Lemma 4.1.5. Let X be a flat S-scheme. If Xk is normal and Xk reduced, then X is normal. 
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Proof. For a proof see [EH 4.1.18]. □ 

4.2. Weak extension. We now consider an integral normal faithfully flat S'-scheme X. Let 
Yk — > Xk be a connected G_R--torsor, for some finite group-scheme Gk over K, and Y the 
normalization of X in Yk- We remark that Yk is also normal (pi I 9.10]). In particular Yk is 
integral, hence Y is integral. We denote by g the morphism Y — ► X. 

Lemma 4.2.1. Y is normal. 

Proof. By definition of normalization we have that g is an affine morphism. Since being normal 
is a local property we can suppose that X = Spec(A) and Y — Spec(B). We have to prove that 
B is integrally closed. Since Yk is normal, then Bk is integrally closed. So, if b G Frac(B) is 
integral over B, then b 6 Bk- However, B is integral over A, then b is integral over A. But B is 
the integral closure of A in Bk, therefore b G B. □ 

From the proof it follows that, since X is normal, in fact Y is the normalization of X in K(Y), 
the function field of Y. Therefore g : Y — > X is finite (see [T3l 4.1.25]). We remark that Y has 
also the following property. 

Lemma 4.2.2. Let Z be a faithfully flat S-scheme, let f : Z — ► X be a dominant integral S- 
morphism and let Kk '■ Yk — > Zk be a dominant Xk -morphism. Then there exists an integral 
X -morphism h : Y — ► Z which extends Ilk- Moreover if Z is normal and Hk is an isomorphism 
then h is an isomorphism. 

Proof. We have that g : Y — > X and / : Z — ► X are affine. So, first, we consider the case 
X = Spec(A), Y — Spec(£?) and Z = Spec(C). By hypothesis, we can suppose 

A C C C G K C B k 

with C integral over A. But, since B is the integral closure of A in Bk, then C C B. So we have 

A<ZC <ZB. 

These inclusions are functorial, so we have an injective morphism of Ox-algebras f*(Oz) Q 
g*(Oy). We remark that Y = Spec(g*Oy) and Z = Spec{f sr Oz)- This implies that there exists 
an integral morphism h : Y — > Z such that g = f o h. 

Now if Z is normal then, by definition of the integral closure of X in Yk, clearly f*Oz = g*Oy 
and so we have that h is an isomorphism. 

□ 

We now prove a result of weak extension of Z/mZ-torsors. For any m £ N and any scheme Z 
we define m Pic{Z) := kev{Pic(Z) Pic{Z)). 

Proposition 4.2.3. Let m > 1 be an integer. Let X be a normal faithfully flat scheme over 
R with integral fibers and m Pic{XK) = mPic(X). Let Jk ■ Yk — > Xk be a connected Z/mZ- 
torsor. Let Y be the normalization of X in Yk and suppose that Yk is reduced. If R contains a 
primitive m-th root of unity, there exists a unique [i m -torsor Y' over X which extends fK- 

Remark 4.2.4. Let us consider the restriction map m Pic(X) — ► m Pic(XK)- If X is a normal 
faithfully flat scheme over R with integral fibers, then the above map is injective for any m (see 
[HI II 6.5] and [13,, 7.2.14]; the hypothesis of separatedness cited in II. II 6.5] is not necessary). 
The above map is an isomorphism, for any m, if, for instance, X is also separated and locally 
factorial (e.g. regular). See |11[ II 6.5, II 6.11]. 

Remark 4.2.5. It has been proved by Epp([6j) that if, for instance, X is of finite type over R (or 
X = Spec(yl) with A the localization or the 7r-adic completion of an i?-algebra of finite type) 
then, up to an extension of R, it is possible to suppose Yk reduced. Moreover the hypothesis 
rn Pic{XK) — m Pic(X) is necessary. Indeed, to any C £ m Pic(XK), by the Kummer theory, we 
can associate (at least) a /i m -torsor Yk — ► Xk- It is clear that if C is not extendible the same 
is true for the ^ m -torsor Yr — > Xk- 
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Proof. First, we consider the affine case A — Spec (A) and 

Y K = Spec(A K [Z]/(Z m - /)) 

with / G A* K . Since Y — ► A is a finite morphism, then Y - = Spec(B) for some normal and 
finite A- algebra B. Multiplying / by an m-th power of tt if necessary, which does not change the 
/i m -torsor Yk — > Xk, we can suppose / G A and / = 7r n /o, with < n < m and /o ^ nA, 
This is possible since A is integral and noetherian, so from Krull's Theorem ( |13[ 1.3.13]) we have 

n m > ^"M = o. 

We call Y 1 = Spcc(A[Z]/(Z rn - /)). We prove that Y' is a ^ m -torsor over X, i.e. / G A*. 
Since Y' is flat over R and Yr- is connected and normal then Y' is integral. Moreover Y' — ► X 
is an integral morphism, so, by the previous lemma, Y' is dominated by Y. So Z G B. Let us 
now suppose Z G 7r_B. From Z m = / in B, it follows that / G ir m B. Applying m-times 14.1.41 we 
have / G ir m A, which is a contradiction. So Z irB. Since Yk is reduced, then Z m = f $ nB. 
In particular, / ttA. And since / G there exists g £ A \ it A and Z G N such that f- a t = l. 
So fg = TT l . But A& is integral. Then I = 0, which implies / G A*. 

Now by the Kummer theory, we associate to any /i m -torsor over Xk a line bundle C over Xk 
such that £" 1 ~ Qx K ■ Since m Pic(X) = m Pic(Ajf) we can assume that C G m Pic{X). Then let 
{t/, = Spec(Aj)} an affine covering of A such that C\u i is trivial. If {g t j} G H 1 (X, 0* x ) represents 
C, we have that there exists G H (U i<K , 0* v . K ) such that {Y K ) Vi = Spec(A^ K [T t }/ '(TP 1 - /,)) 

and g?j — j-. As seen before for any U{ = Specif) we can suppose G A*. So {Y- = 

Spec( J 4i[^ 1 i]/(^ 1 / n ~ /«))} i s a Mm-t° rsor which extends the Z/mZ-torsor Yk — ► A^ . The unique- 
ness comes from l3.0m □ 

Remark 4.2.6. We remark that Y does not usually coincide with Y' . This means that Y' is 
possibly not normal. 

Remark 4.2.7. From the first part of the proof also follows that if A = Spec(A) is affine, then 
the proposition remains true if we remove the hypothesis m Pic(X) = rn Pic(XK) and we consider 
only /i m -torsors of the type Ak[T]/ (T m — /) with / G A* K . 

Corollary 4.2.8. Let G be an abelian group of order m and let us suppose that R contains a 
primitive m-th root of unity. Let X be a normal faithfully flat scheme over R with integral fibers 
and m Pic(X) = m Pic(XK)- Let us consider a connected G-torsor fK ■ Yk — > Xk and let Y 
be the normalization of X in Yk . Moreover, we assume that Yk is reduced. Then there exists a 
(commutative) R-group-scheme G' and a G'-torsor Y' — > X over R which extends $k- 

Proof. By the classification of abelian groups, we have that G = Z/miZ x ■ ■ • x Z/m r Z for some 
mi, . . . , m r G N. We remark that R contains a primitive m^-th root of unity for i = 1, . . . ,r. So 
(Z/m,Z)if ~ (fJ, mi )K for i = 1, . . . ,r. Moreover, from hypothesis it follows, for i = 1, . . . , r, that 
mi Pic(X) = mi Pic(XK)- We firstly state the following lemma. 

Lemma 4.2.9. Let G±, . . . , G r be flat group schemes over a scheme A. Let Yi — ► X be a Gj- 
torsor for any i. Then Y = Y\ Xx ■ ■ ■ Xx Y r is a G\ X • • • X G r -torsor, with the action induced 
by those of Gi. 

Proof. We skip the proof which easily follows by definition of torsor. 

□ 

We now come back to the proof of the corollary. We call Gi = Z/rn^Z for i = 1, . . . , r. Moreover, 
we call Gi = Gi x ■ ■ ■ x Gi x ■ ■ ■ x G r . Let us define (Yi) K — Y K /{Gi), then (Yi) K — > X K is a 
Gj-torsor. Moreover, (Yj)k is integral and normal. For any i, we call cr, the action of Gi induced 
by that of G on (YijK- Hence, 

Gi x id : d x Xk [Yi) K — ► {Y l ) K ><x K {Yi) K 
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is an isomorphism. By the above lemma, we have that {Yi)k ><x k ■ ■ ■ x x K (Y t )k is a G-torsor. 
Moreover, the natural map 

q ■■ Y K — > (Yi) K x Xk ■ ■ • x Xk (Y r ) K 

preserves the G-actions; therefore it is a morphism of G-torsors. But, as it is well known, any 
morphism of G-torsors is an isomorphism of schemes; hence, q is an isomorphism. 

For i = 1, . . . , r, we denote by Yi the normalization of X in (Yi)K- Then Yi is integral and 
normal for any i. The projection Yk — {Yi)k x k •■■ (Y r )K — ► (^)k induces, by 14.2.21 
an integral morphism Y — ► Yi, Hence, we have, by 14.1.41 that (Yi)& is reduced. So, bv 14.2.31 
for any i = 1, . . . ,r, there exists a /x mi -torsor Y- — ► X which extends — ► Xk- Now 
let us consider Y' = Y[ Xx • • ■ Xx Y^, Using the above lemma again, it follows that Y' is a 
A*mi x • • ■ x /i mr -torsor. □ 

Remark 4.2.10. Let X be an integral scheme faithfully flat over R and x an i?-point of X . Let 
us consider the fundamental group schemes of Gasbarri n(X, x) over R (see [7]) and 7r(Xj<-, 
Then Antei, in [5], proved that the natural morphism 

ip : tt(X k ,Xk) > ir(X, x) K 

is a quotient morphism and that ker(^j) = if and only if any G^-torsor Yk — ► Xk (with 
a if-section), such that the induced morphism tt(Xk,xk) — ► Gk is a dominant morphism, is 
weakly extendible to a G-torsor Y — ► X over R (with an i?-section), for some model G of Gk- 
We stress that in that context you have also to extend the section of Yk- But if, for instance, X 
is proper over R hence Y is proper over R and the if-section of Yk can be always extended. 

Remark 4.2.11. If Yfe is not reduced we have an example of a torsor not weakly extendible. 
For instance, take X = Spec(R[Z, 1/Z}) and Y K = Spec(K[Z,l/Z][T]/(TP - nZ)) as Z/pZ- 
torsor over Xk- It is not too hard to see that Y = Spec(i?[Z, 1/Z][T]/(T P — 7rZ)) is normal 
(see for example O 8.2.26]), so it is the normalization of X in Yk- Moreover the action of 
/i p = Spec(i?[5]/(5' p — 1)) over Y given by T i — ► ST is clearly faithful. So fi p is the effective 
model. Using [4TTT1 it follows that, if Yk — ► Xk is weakly extendible by a G'-torsor, then there 
is a model map fi p — ► G' . Hence G' ~ because fi p does not dominate any group scheme 
except itself. We now claim that there is no ^ p -torsor Y' — > X which extends Yk — > Xk- Since 
Pic(R[Z, 1/Z}) = 0, we would have, by the Kummer theory, Y' = Spec(i?[Z, 1 jZ\ [T] / (T p — /) ) , for 
some / € R[Z, 1/Z]* such that there exists g E K[Z, 1/Z]* with fg p — nZ. But, since R[Z, 1/Z] 
is factorial and X^ is integral it is easy to see that this not possible. In particular Yk — > Xk is 
also not strongly extendible. 

We give here a proof of strong extension of torsors under finite abelian groups G with (|G|,p) = 
1, for some schemes not necessarily regular. For regular schemes refer to the introduction. 

Corollary 4.2.12. Let G be an abelian group of order m with (m,p) — 1 and let us suppose that 
R contains a primitive ra-th root of unity. Let X be a normal faithfully flat scheme over R with 
integral fibers and m Pic(Xi() = m Pic{X). Let Yk — > Xk be a connected G-torsor and let Y be 
the normalization of X in Yk ■ Moreover we assume that Yk is reduced. Then Yk — > Xk is 
strongly extendible. 

Proof. Indeed, bv !4.2.3[ there exists a commutative finite flat i?-group scheme G' and a G'-torsor 
Y' — ► X which extends Yk — > Xk- Since the order of G' is coprime with p, then G' is etale. 
So Y' — > X is etale. Since X is normal, it follows from [2J I 9.10] that Y' is normal. Hence, 
from I4.2T21 Y' = Y and the proof is complete. □ 

We now conclude the section proving a lemma which will be essential in the sections that 
follow. 

Let us consider a normal faithfully flat i?-scheme X = Spec(j4) with integral fibers. And we 
suppose that n e TZa, where TZa is the Jacobson radical. This condition means that the closed 
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points of X are in the special fiber. Moreover, it is equivalent to say that, for any A G R\ R*, 
any lifting of a £ (A/XA)* is invertible in A. In particular, A* — > (A/XA)* is surjective. From 
(0]) it follows that H 1 (X, Q^) C H 1 (X,G m ). Then applying the snake lemma to the following 
diagram (see ([7])) 

(18) gW (A) ^d'g(^ n ) {A) ^ H 1 (X, G x , n ) H 1 (x, gw ) ^ H i ( X , g( x ' n )) 



A* A* ^ H 1 (X, n pn ) — ^ H 1 {X, G m ) ^ H 1 (X, ( 

we have that the following commutative diagram 

g^HA)/^ x , n )^gW(A)) — *H\x,G x , n ) 

A*/(A*f n ^H\X,^). 

is cartesian with a XP (A) injective. 

Remark 4.2.13. Explicitly the injection a x " (A) means that, for any x G A*, x p " = 1 mod X p " 
if and only if x = 1 mod A. 

Lemma 4.2.14. Let X be as above and let us suppose that R contains a primitive p n -th root of 
unity. Let Yk — ► Xk be a fi p n-torsor with Yk — Spec(^4if [T]/(T P — /)), / G A* . Let us denote 
by Y = Spec(_B) the normalization of X in Yk- We moreover suppose that Yk is reduced. Then, 
from \4-2^3\ and \4-2.7[ there exists a [i v n-torsor Y' — > X which weakly extends Yk — > Xk- 

i) Using the filtration of \3.0.3[ [Y'] G H 1 (X, G„j n ) if and only if there exists g G A* such 
that fg pn = 1 + TT jpn f for some f G A. 

ii) Let us suppose moreover j < t>(A(„)). // [Y'] G H (X, G^j n ) \ H l (X, G^j+i^) and 
fg p = 1 + 7T JP /o, for some fo G A and g G A* , then fo is not a p n -th power mod it. 

Proof. We first prove (i). We observe that [Y 1 ] G H 1 (X, is represented by / G A* / A* p . 
Since the above commutative diagram is cartesian, then \Y'] G H (X, G^j n ) if and only if 

/ G a x " (A). And by definition, / G a XF (A) if and only if there exists g G A* such that 
fg p — 1 + %i p fo for some fo G A. We now prove the second statement. Let us suppose that 
[Y'\ G H^X^Gni^) \ H l {X,G Xw ,n)- We take any g G A* such that fg p " = 1 + n jpn f , for 
some f G A. If [Y ! ] £ H l {X,G 1T j+i. n ), then, by (i), f Q ^ mod ir p " . In fact we will prove 

fo ^ mod 7T in A. Since the torsor Y\ = Spec(A[T]/ ( JX — — — fo)), associated with 
[Y'\ G H l (X,G ,ri n ), is integral over X and its generic fiber is isomorphic to Yk, then, by 14.2. 2\ 
the morphism Y — > X factors through Y\. Moreover, Y — > Y\ is a dominant morphism 
between integral affme schemes; hence T G B\ {0}. The fact that fo ^ mod 7r p A implies 
T ^ mod irB. Otherwise, if T — ttTq for some To G B, then T p =0 mod 7r p i3. And, since 
j + 1 < u(A(„)), we have 

/o = ^ -4 1 = mod ir p B. 

So, bv 14.1.41 /o = mod ir p A against the assumptions. Therefore, T ^ mod irB. Now if 
/o = mod 7rA, then, since j < v(X( n )), T p =0 mod nB. But, as we just proved, T ^ 
mod 7ri?, which contradicts the fact that Yk is reduced. So fo ^ mod ttA. We finally prove 
that fo is not a p n -th power mod n. Indeed, if fo = <?q m °d n f° r some So G A \ irA then 
/ = (1 + n J go) p mod tt^ + . But 1 + n J go is invertible mod ir then, since 7r G Ha, 1 + 7r J <?o 
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is invertible. Multiplying / by (1 + 7r J go)~ p , we can suppose / = 1 mod 7r JP +1 , which implies, 
by what we have just proved, that / = 1 mod tt^ +1 ' p , Hence, by i), [Y'] G H 1 (X,G 7T j+i. n )', 
this contradicts the hypothesis of maximality of j. □ 

5. Strong extension of Z/pZ-torsors 

Let us suppose that R contains a primitive p-th root of unity. We now suppose that X = 
Spec(A) is a normal faithfully flat i?-scheme with integral fibers such that ir G TZa, where TZa 
is the Jacobson radical of A, and p Pic{Xk) — (e.g. A a local regular faithfully flat i?-algebra 
with integral fibers or A a factorial faithfully flat i?-algebra complete with respect to the 7r-adic 
topology and with integral fibers). We recall we suppose from the beginning that X nocetherian. 
Let us consider a nontrivial Z/pZ-torsor 

Y K — > X K . 

Let Y be the normalization of X in Yk ■ We suppose that Yk is reduced. There exists, bv !4.2,3[ 
a unique p p -torsor Y' — > X such that Y' K — ► Xk is isomorphic to the Z/pZ-torsor Yk — ► Xk- 
So Yk — ► Xk defines uniquely an element [Y'] G H (X, jj, p ). 

Theorem 5.0.1. Notation as above. Let us consider the filtration o flS.OTM If\Yj(] G H 1 (X, G 7r 7,i)\ 
H 1 (X,G 7T -i+i 1 ) , for some < 7 < u(Am), then Y is a G^i ,\-torsor. In particular Yk is inte- 
gral if 7 < u(Am). Moreover the valuation of the different of the extension Oy tV /Ox,(jv) « s 
(p — l)(u(A(i)) — 7), /or £/ie generic point r\ of any irreducible component ofY^. 

Remark 5.0.2. The trivial Z/pZ-torsor over Xk is strongly extendible by the trivial Z/pZ-torsor 
over X. 

Proof. Since p Pic(AK) = 0, from the bottom line of l|18p with v(X) = 0, it follows that Yk = 
Spec(A K [T]/(TP - /)) with / e A* K . From \£2J\ we can suppose / g A*. Moreover, Y' = 
Spec(A[T]/(T p - /)) is the p p -torsor which extends Y K . 

If 7 = 0, then / is not a p-power mod n (otherwise, by 14.2.141 up to a multiplication by a 
p-th power, we can suppose / = 1 mod 7r and so 7 > 0). So Y' is normal by 14.1.51 Since Y' is 
integral over X and its generic fiber is isomorphic to Yk then, from [4321 we have Y ~ V'. 

If 7 = u(A(i)), then it is an etale torsor and the proof is complete. 

If u(Am) > 7 > we can suppose, by 14.2.141 / = 1 + ft PJ fo with /o ^ mod ir in A. Let us 
consider the G w -,a -torsor 

(1 + 7r 7 T) p - 1 
y 1 = S P ec(^[T]/( l + -J- /o)). 

Bv l4. 2.141 . fo ^ (?q mod 7r for any go G A \ 7Tt4. So (li)fc is reduced and, by 14.1.51 ^1 is normal. 
Hence again from I4.2."2l we can conclude that Y\ ~ Y . If 7 < w(A(i)), then 5fc is radicial and 
Yfe — > Xk is an inseparable morphism. Therefore, since Xk is irreducible, Yk is also irreducible. 
The statement about the valuation of the different is clear. 

□ 

Remark 5.0.3. The theorem remains true if we remove the hypothesis p Pic{Ak) = and we 
suppose that Y K = Spec{A K [T]/(T p - /)) with / G A* K . Indeed p Pic(A K ) = only needs to 
ensure that any /^-torsor of Xk is of the form Yk = Spec(A^ [T]/(T P — /)) with / G A* K . 

The following corollary will not used for the rest of the paper. 

Corollary 5.0.4. Let G be an abelian group of order m and let us suppose that R contains a 
primitive m-th root of unity. Let X = Spec(A) be a normal faithfully flat R-scheme with integral 
fibers such that ir G TZa and m Pic(XK) = 0. Let Hk ■ Yk — > Xk be a connected G-torsor with 
G an abelian group. Let Y be the normalization of X in Yk and let us assume that Yk is integral 
then h : Y — ► X is faithfully flat. 
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Proof. Since G is abelian then G ~ Z/miZ x • • • x Z/m r Z x Z/p mr + 1 'L x • • • x Z/p m *Z, with 
(rrii,p) = 1 for i = 1, . . . ,r. We remark that any cyclic group is isomorphic, over X, to \x\ for 
some L So, as above, since m Pic{XK) = 0, we conclude that 

Y K = SpecOMTi, . . . , T s ]/(Tr - /i, ■ • • , T™ r - / r , - f r+u . . . , 7*"" - f,)) 

with /i E A^-. Let n = r + m r+ i + • • ■ + m s . We have a factorization 

Kk : (Y n ) K := Yr- ( H* {Y n _ x ) K (h ^ K . . . — >(Yi)k ^ X K =: (Y Q ) K 

with (hi)x a Z/pZ-torsor, if % = 1, . . . , n — r and is a Z/m„_i + iZ-torsor if« = n — r + ...,n 

Any (Y)^ is normal integral and affine. So if (Yi-tjK = Spec((Bi_i)if), it is easy to show 
that {Yi) K = S P ec((B l _ 1 ) K [T]/(TP - /)) with / e (.B<-i)fc, if t = 1, . . . , n - r or (!Q K = 
Spec(( J B. J _i) K [T]/(r m — + 1 - /)) with / E (A-i)^, if i = ra - r + 1,. . .,ra. We observe that not 
necessarily Pic((Yi)ic) = 0. Let Yj = Spec(-Bi) be the normalization of X in (Y^k- We also 
obtain that Yi is the normalization of in (l^)j<r. We have a factorization 

h:Y ^ y n _! ^ . . . — >Yi X. 

Since Yfc is integral, then (Yi)fc is integral for any i (see !4.1.4*)l . Moreover /ij is finite, in particular 
it is closed. So if ir E TZa then 7r 6 T?.^ also for any i. From the above theorem, 15.0.31 14.2.121 
and 14.2.71 we have, for any i, that Yi — > i^-i is a torsor under some finite flat group scheme. In 
particular hi is faithfully flat for any i. Therefore, h is faithfully flat. 

□ 



6. Strong extension of Z/p 2 Z-torsors 

6.1. Setup and degeneration types. Now we suppose that R contains a primitive p 2 -th root 
of unity. Therefore we have (Z/p 2 2,)k — (p p 2 )k- We moreover suppose p > 2. Let X := Spec A 
be a normal essentially semireflexive scheme over R (see JQ) with integral fibers such that tt E TZa- 
We also assume v iPic{Xk) = 0. Let Hk ■ Yk — ► Xk be a connected Z/p 2 Z-torsor. Then we 
consider the factorization 

Yk ^ (Y^k (h ± K X K 
with both {h\)K-,{h-i)K nontrivial Z/pZ-torsors. Let Y\ = Spec(_Bi) be the normalization of X 
in (Y\)k and Y = Spec(-B) the normalization of X in Yk. We suppose that Yk is integral. Since 
X is normal, by 14.2. 2\ it follows that Y is normal and that Y is the integral closure of Y\ in Yk- 
So we have the factorization 

h . Y ±>> Yl X 

with hi and /12 degree p morphisms. Again by 14.2.21 it follows that Y\ is normal. By 14.1.41 we 
have that, since Yk is integral, then (Yi)fe is integral too. 

Since p 2Pic{Ak) — 0, we can suppose Yk = Spec(A#- [T]/(T P — /)) for some / E A* K \{A* K ) 
Bv l4.2.3[ we can suppose / E A* . We can also write 

Y K = Spec(A[Ti,T 2 ]/(Tf - /, ^ - 1)). 



Therefore, we have 



and 



(^i)jc = Spec(A K [Ti]/(T^ - /)) 



(19) Y K = $ V ec{{B 1 ) K [T 2 ]/& - 1)). 

We remark that i?^ is finite and free as an A#--module. In particular it is semireflexive over 
Ak ■ From [LP. 131 it follows that Y is an essentially semireflexive scheme over Spec(i?). Therefore 
we can apply [l~0. 171 to check if a group scheme is an effective model for the Z/p 2 Z-action on Y. 



EFFECTIVE MODELS AND EXTENSION OF TORSORS 



25 



We now want to attach to the cover Yk —* Xk four invariants. We have seen in the previous 
section that there exists an invariant, which we called 7, that is sufficient to solve the problem 
of strong extension of (Z/pZ)x-torsors. So the first two invariants are simply the invariants 7 
which arise from the two (Z/pZ)x-torsors Yk — ► {Yi)k and (Y\)k — ► Xk- In precise by the 
above discussion it follows that h\ satisfies hypothesis of jjU hence we can apply 15.0.11 Then, if 
we define 71 < v(Xn)) such that 

Wx)k\ £ H\X, G«n tl ) \ H\X, G ff71+M ), 

it follows that Yi — ► X is a G^i^-torsor. From l5.0T| we have that 71 is also determined by the 
valuation of the different V{h\) of hi : Spec(0y li ( w )) — > Spec(0x, [*■))• We indeed have 

From l5lTll"j we have that (Yi)fc is integral. Moreover, since hi is a closed morphism, then ir £ TZb 1 ■ 
But not necessarily v Pic({Yi)k) = 0. However, from lfl9|) and the remark l5 .0.3! we can also apply 
IS.O.ll to the morphism h2 ■ Y — > Y\. Then, if we define 72 < v(Am) such that 

[<X) K ] &H x (Yi,G^,i)\H l {Y u G n ^ + i,i), 

it follows that Y — ► Y\ is a G„~i2 ,1-torsor. The invariant 72 is determined by the different of 
/12 : Spec(Oy ( ff )) — > Spec(0y 1 ,( w )), too. Indeed 

v(V(h 2 )) = «(p) - (p - 1)72. 

The third invariant is linked to the filtration of 13.0.31 It is the integer j < w(A( 2 )) such that 
[Yk] € H 1 (X, Gxi.2) \ ^(^G^+i^). We observe that there exists a G^^-torsor Y" which 
extends Yk — ► Xk- By 14.2.21 we have morphisms Y — > Y" and Yi — > Y" '/G w j t i such that 
the following diagram commutes 

(20) Y Y" 



Yi Y"/G. 




X 



Lemma 6.1.1. We have the following relations. 

i) Pj < 7i < "(A(i)), 

ii) 3 <12< v(\i)), 

Proof. By definition of 7,-, for i = 1,2, we have 7* < u(Am). We now prove the remaining 
statements. Let us consider the diagram l|20p. 

i) We recall that Y\ — > X is a G 7r 7i,i-torsor and Y" /G n ) 1 — ► X is a G^ x -torsor. So, 
by 14.1.11 we have a morphism G w ti,i — > i- Therefore 71 > pj. 

ii) We recall that Y — ► Yi is a G^^-torsor and Y" — ► Y" /G„j_i is a G^i-torsor. Again 
by 14.1. 1[ we have a morphism G^.i — ► G^j 1. Therefore, 72 > j. 

□ 

2 

By definition of j, up to a multiplication of / by an element of (A*) p , which does not change 
the /Lt p 2-torsor on the generic fiber, we can suppose / = l+n p 3 /o with fo S -A- And, if j < f(A( 2 )), 
by 14.2.141 fp is not a p 2 -th power mod 7r. 
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Before introducing the last invariant, we describe explicitly the scheme Y. By definition of 71 
and by the proof of 15.0. 1[ there exists g £ A* (not unique) such that fg~ p = 1 + 7r P71 f\ with 
fl £ A. Let us consider Spec(-Bi) with 

fl + 7T 7l Tl) P - 1 
=4^/( 1 + \J fl). 

If 71 = v(Xn\) then Spec(Si) — > X is etale, then Spec(i?i) is normal and hence, by 14.2, 2( 
Yi = Spec(-Bi). While if 71 < v{\ {1) ), by 14.2.141 fi is not a p-th power mod n. Then, by 14.1. 5[ 
Spec(i?i) is normal and hence again Y = Spec(-Bi). 

If Y[ — > Y\ is the // p -torsor which extends Yk — > (Yi)k, then Y is the normalization of Y\ 

in 

(Y>) K = Spec((5 1 )K[T 2 ]/( 1+ ^ iri - g )). 
Then, reasoning as above, there exists H(Ti) £ B^, such that 

g(l + n' yi Ti)(H(T 1 ))- p = 1 mod tt p ^B 1: 

and y = Spec(£) with 

'(I +7r 72 T2 )P _ I gH(Tl)-P(l +TT^T 1 ) - V 



B = BAT2]/ 

We remark that the definition of g and H(T\) depends on the choice of the representative / 
of [Yk] S H 1 (X,/j, p 2) and they are not uniquely determined. We now see how they vary as / 
varies. We stress that we require / = 1 mod ir p J \ Let us substitute a p / to /, with a 6 A* 
and a p f = 1 mod 7r p j . It follows from 14.2.131 that dP f = 1 mod 7r p J is equivalent to a = 1 
mod 7T 5 . Now it is immediate to see that we have to substitute dPg to g and aH(Ti) to H(Ti). 
We now prove that, for a fixed /, the elements g and H(Ti) are uniquely determined in a certain 
sense. 

Lemma 6.1.2. Notation as above. Let us fix a representative f = 1 + 7r p J /o of [Yk] £ 
H 1 (X 7 fj, p 2). We have the following results. 

(1) TTie element g is uniquely determined mod 7r 71 . Moreover, we can suppose 

g = 1 + tt^ p go with go g" 7rA 

(2) TTie element H(Ti) is uniquely determined mod 7r 72 . Any H(Ti) as above is of the form 

H(Ti) = 1 + 7r J i7i(Ti) ura'tfi ffi(Ti) ^ tt^. 

«/0 < i < 72; we can suppose H(Ti) — 1 i/j = 72. Finally, if j > 0, itp io a change 
of the representative f , we can suppose H(0) = 1. 

Proof. (1) We firstly prove the uniqueness of g mod 7r 71 . By definition of 5 we have g p = f 
mod 71-P 71 . Let us take g' e A* . Then g' p = g p = f mod tt^ 71 if and only if 

(-) p = 1 mod tt P71 
9' 

if and only if, from 14,2.13} 

g = g mod 7r 71 . 

This proves the uniqueness of g mod 7r 71 . In fact we proved something more. Indeed, 
since g is determined by the property g p = f mod 7r 7rPT1 , we have also proved that we 
can replace g with any g' £ A* such that g' = g mod 7r 71 . (Clearly, H(T\) will also be 
different). 

We now prove that, up to a change of g by g(l + 7r 7l /i) with h £ A, we can suppose 
g=l + 7r JP (7o with </o ^ mod it A. 
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Since / = 1 + n p J /o and pj < 71 (see 16.1, lj) . we have 

g p = l mod7r p2j . 

Again bv 14.2.131 we obtain 

2 - 

for some go E A. If pj < 71 then go g" irA, otherwise, since g p = 1 + ir p 1 fo mod 7r P71 , we 
would have, again bv 14.2.131 /o = mod tt, against hypothesis on fo- While, if pj = 71 
and go = mod 7r, by what proved before, we can replace g with g' — g{\ + n^h), with 
h £ ttA. So g' = 1 + 7^(30 + /i + 7r M O /i) with ,g + ft + n pj g h = h^0 mod tt. 
(2) As above, we can prove that -ff(Ti) is unique mod tt 72 and that we can replace it 
with any H{T{) such that H(T\) = H(T\) mod 7r 72 . And since g = 1 mod tx p ^B\ and 
7i > (see 16.1. T]) then, H{T\) P = 1 mod -k^ p B\. Hence, as above, we can conclude 
H{Ti) = 1 + ^H^Tx). We now prove that H\{T X ) ^ mod txB x if j < 72 and that we 
can assume H(T\) = 1 if j = 72. If j < 72, then from 

(1 + ir j H 1 (T 1 )) p = (1 + 7r PJ 5o )(l + tt 7i Ti) mod tt P72 

it follows that, if #i(Ti) ee mod ttBi, then, using 142,131 we have 30 + ^ <1 ' P0 T 1 = 
mod ttB\. Since B\ is finite and free over R it follows that go = mod tt, against what 
just proved in 1. Now if 72 = j then we can take H{T\) = 1 which clearly satisfies the 
condition 

H{Ttf ee (1 + n pj go)(l + 7r 7l T!) mod tt P72 . 
We now prove the last statement. Let j > 0. From what we just proved we know 
that H(0) ee 1 mod n^A. Since tt E 7£a> then -ff(O) is invertible. If we change / into 
fH(0)~ p , from the discussion before the lemma, we have to replace H(T\) with gnjy ■ 
So the proof is complete. 

□ 

Now, given H(Ti) — Y^=o a kT\ k E B*, let us consider H'(T\) as its formal derivative. Using 
the above lemma, we suppose do = 1 if j > 0. For any m > 71, we will say that a 6 7ri? satisfies 
(A) m if 

aH(Ti) ee tt" 1 - 71 H' '(Ti) mod tt 72 . 
We finally give the definition of the fourth invariant. 

Definition 6.1.3. We will call effective threshold the number 

k = min{m > 7i|3a E 7ri? which satisfies (A) m }. 

If we take m > 71 + 72 and a = 0, we see that such a minimum exists. 

Lemma 6.1.4. For any m > k there exists a unique solution, mod 7r 72 , of (A) m . We will call 
a m E ttR any of its lifting. If H(0) = cio ee mod irA then a m = mod 7r 72 . 

Remark 6.1.5. Bv 16.1.21 it follows that the case H(0) = mod tt can happen only if j = 0. 

Proof. Let us firstly suppose a ^ mod it A. If hi, for i = 1,2, is solution of (A) m , it follows 
that for any m > 71 we have in particular &j<zo = 7r m ~ 7l ai mod 7r 72 . Therefore 

ao(bi — 62) = mod 7r 72 . 

But ao E - 7rA, X is flat over R and Xk is integral; therefore 61 ee 62 mod 7r 72 . 

We now consider the case a E ttA. Since if(T) E B\ and ao E ttA, then there exists 
< i < p — 1 such that a, ^ 7rA Let i be the least integer with this property. Let a be a solution 
solution of (A) m and suppose that o^O mod 7r 72 . In particular 

aa\ ee (i + l)aj +1 7r m ~ 71 mod 7r 72 
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and 

aa-^i = «aj7r m ~ 71 mod 7r 72 . 
Therefore, by the minimality of i and by the fact that a ^ mod 7r 72 , 

v(a) > m — 71 > v(a) 

which is a contradiction. Therefore, if do G ttA, then a = mod 7r 72 . □ 

Definition 6.1.6. Using the previous notation, we say that the degeneration type of Yk — > Xk 
is (j',7i,72,k). 

Lemma 6.1.7. We have 71 < k < 71 + 72 — j ■ In particular 72 = j implies k = 71. 
Proof. Bv l6.1,2( H'(T) = mod 7T 7 . Therefore, if we take m = 71 +72 — i, then 

n m -^H'(T)=0 modTr 72 . 

Therefore, a = satisfies (A) m . This implies k < 71 + 72 — j- Now, if 72 = j, then k < 71. But, 
by definition of k, we have k > 71. Hence k = 71. □ 

6.2. The main theorem. We here prove the main theorem of the paper. 

Theorem 6.2.1. Let us suppose that R contains a primitive p 2 -th root of unity and that p > 2. 
Let X :— Spec A be a normal essentially semireflexive scheme over R with integral fibers such 
that 7r € H-a- We moreover assume v iPic{Xk) = 0. Let Yk — > Xk be a connected Z/p 2 Z l -torsor 
and Y be the normalization of X in Yk- Let us suppose that Yk is integral. IfYK has (j, 71, 72, n) 
as degeneration type, then its effective model is 

Moreover, if a K ^ mod 7r 72 , then v(a K ) = k — 71 + j . Otherwise k — 71 + j = 72. 
Proof. As we proved in the previous subsection Y = Spec(-B) with 

B = A\T r1 / A 1 + 7 r 7lT i) P - 1 f (1 + tt 72 T 2 )p - 1 gHjT^-Pjl + tt 7i Ti) - 1 

By the definition of integral closure of X in Yk, the Z/p 2 Z-action on Yk can be extended to an 
action on Y. We now explicitly describe this action. If we set 

^ = —\ * = 2^ A (2) 

A (l) A (l) ^ fc 

then we can write, by 12.2.61 and 12.2.131 



(21) Z/p 2 Z = Spec(A[5i, S 2 }/ 



(l + 7r°C A w)Si)f-l i+ ff »< A (i)' Sl 1 



Since Yr- is a /i p 2- torsor, on the generic fiber, the action is given by 

1 + 7T 71 2~1 I ► (1 + 7T , ' (A ( 1 ))5' 1 )(1 + 7T 72 Tl) 

(1 + 7r 72 T 2 )i/(r 1 ) .— > (£ p (%S'i) + ^ (A < 1 ) ) ^ 2 )(1 + k 12 T2)H{Ti), 
so it is globally given by 



T-2 



(F (n ^A4-^(\t))<i n \{ (1+^2 r2 ) g(Tl ) \ 

{^[Thcbx) + 7T W )>b 2 ) y H[ ^ Hl) )~-n Si+Ti+ ^ Hl) ) SiTi) ) 



- 1 



7T72 

The proof of the theorem is obtained as a consequence of several lemmas. 
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Lemma 6.2.2. If an effective model Q for the action of Z/p 2 Z exists, then it is of the form 
£( n < v 2 > F > 1 ) with f(A(i)) > m > max{7 2 ,7i}. 

Proof. Since the effective model is in particular a model of {7j/p 2 'L)k , it follows, bv l2.2.11] that the 
effective model Q is of the form ^ 2 ; F > 1 ) with u(Am) > to > 72. Moreover, Q/G^^x ~ G^m^ 
has an X-action over Y\. But Y\ — > X is a G^ti ^-torsor. So, by 14.1.14 we have a model map 
Gir m ,i — ► G^fi t i, Then to > 71. □ 

Let us now consider a group scheme of type £^ . Tr "' 2 . F . 1 ). We consider the normalization map 
p> : Z/p 2 Z — ► ( r(7r m ,7r"' 2 ,F,i)_ w e give necessary and sufficient conditions to have an action of 
g(iz™,iv~>*;F,i) on Y compatible with tp. By 12.2.111 we have that 

fl + 7T 7l S') P - 1 

F(S) = E p (aS) G ((R/n^R)[S]/( [ - + ))* 

for some a G R/ir l2 R. In the following, we take a lifting a £ J? of a 6 R/tt~ I2 R and consider 

^(S) = E?=o 11 s1 e • R [ 5 '] as a liftin S of F ( s )- 

Lemma 6.2.3. There exists an action of > n 2 ' F > 1 ) on Y compatible with tp if and only if 
F(S)H(T) - H(ir m -' <1 S + T + n m ST) = mod tt 72 

Proof. Let us suppose that such an action exists. Reasoning as above, it is possible to show that 
the action is given by 

Ti 1— ► TT rn -^ S! + Ti + 7T m S 1 T 1 



To 



- 1 



7T72 



(i ?( Sl )+^2S 2 ) (l^^)H(T,) 



-1 



Then, in particular, ^ belongs to 

A[Si,S 2 ]/ 



So we have 



^ (5l j + 7T b 2 ) \H(n™-»iS 1 +T 1 +^S 1 T 1 ) J 



7T72 

(22) F(S 1 )H(T 1 )-H(7r m -^S 1 +T 1 + n m S 1 T 1 ) F(Si)H(Ti) 

■ ±1 



S 2 



TT^H{-K m -^Sl +Tl +7T m S'lTl) J ff(vT™-TlS'l +Ti +7T m 5'lTl) 

(l + TT^TaJfTCTi) 



This implies 

F(5i)£T(Ti) - H^-^Sx + T x + TT m S x Tx) = mod tt 72 . 



But it is clear that this condition is also sufficient to define the required action. □ 

The next lemma, together with 16.2.31 links the definition of the effective threshold with the 
existence of an action of a model of Z/p 2 Z on Y. 

Lemma 6.2.4. Letb G irR. Let us consider G(S) = Y^h=o If^ R[S]. The following statements 
are equivalent. 

(i) G{S)H(T) = R{-K m -^ S + T + n m ST) mod t^ 2 ; 
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(ii) bH(T) — ir m 11 H'(T) mod 7r 72 , where H' is the formal derivative of H . 
Moreover, they imply the following assertions. 

(1) Let us consider R[G^ A ] = R[S]/{ {1+ ^Z ) "~ 1 )- Then 

and 

G(S) P = 1 + tt" 1 S mod 7r P72 i?[GW]. 

(2) Ifm>ji then 

G(S)H(T) - H(n m -^S + T + n m ST) bH(T) — tt™^ 1 H' (T) 
= mod 7r 

7T72 71-72 

Remark 6.2.5. We assume the theorem in this remark. Let us suppose bH(T) = H'{T) mod 7r 72 . 
In particular, by definition, K = 71. And from I6.2?T| we also have k > 72. We remark that if 
j = 0, then, again from I6,2?T| it follows that 72 = j ' = 0. So in any case, from I6.1T27 ,2) we can 
suppose H(0) — 1. So if we consider only the constant term, as polynomials in T, of the equality 
(i), we obtain 

p 1 h i 

HIS) = G(S) = V -S i mod tt 72 . 
^— ' i\ 

i=0 

Moreover, from l6.2."4T i'). it follows that we can think H (S) as an element of Hom £ , I .(G /ii i , G m |5 A ). 
Then from[22H it follows that b p = mod tt 72 . 

Proof, (i) (ii). Let us suppose 

G(S)H(T) = H{-K m -^ S + T + Ti m ST) mod tt 72 . 

We consider both members as polynomials in S with coefficients in R[T], Then, if we compare 
the coefficients of S, we obtain (ii). 

(i) (ii). Let H (k \T) denote the k th formal derivative of H(T). We remark that (i) is 
equivalent to 

b k H(T) = ( 7r m -^) k H (k) (T) mod tt 72 
for 1 < k < p — 1. We prove a little more. We prove that 

(23) l k H(T) = (TT m -'< 1 ) k H (k) (T) mod n l2+min{(k-l)v(b),(k-l)(rn- 7l )} 

For k = 1 it is obvious. Let us now suppose it is true for k, we prove it for k + 1. If we multiply 
(|23|) by b, we obtain 

(24) b k+1 H(T) = 6(7r m ~ 7l ) fc H^CT) mod 7 r ^+^ n {( fc-1 M'')<(* ; - 1 )( m -'ft)}+« (<>)_ 
Moreover, if we differentiate the equation (ii) k times, we obtain 

(25) bH {k \T) = 7r m ~ 7l i^ fe+1 )(T) modTr 72 . 
Multiplying {25]) by 7r k ( m — (1 \ we obtain 

(26) ^("'-71) /fW(T) = (7^-71 )(fc+l)#(fc+l)( T ) mod 7r 72+fc(m- 7 i)_ 

Then JUJ) and d26j) give 

b k+1 H(T) = (7r m_7l ) fc+1 7j( fe+1 )(T) mod 7r 72+min{to(6),fc(m-7i)}_ 

as we required. So (i) and £ are proved. Let us now suppose (i) true. 



EFFECTIVE MODELS AND EXTENSION OF TORSORS 31 

1. We recall that H{T) = £?=o aO* G (A[T}/( - /i))* = B*. If a £ ttA 

then 6 = mod 7r 72 by 16.1.41 Let us now suppose that ao €" 7rA We think H(S) G 
A[<S , ]/( ' 1+,r ^fj — -) = R[G n -n,x] ®rA. We consider the morphism ip n m ,Tr~ti : G^™^ — > 
G^!,i, given by 5 m> 7r m -^S. Then 

However if we compare the coefficients of T in (i) we obtain 

(27) H{tt" 1 -^S) = a G(S) modTr 72 . 
Therefore, 

r^,,-n{H{S)) = a G(S) mod tt 72 . 
Let us now consider id X^-m^-vi : G,™^ x G^m^i — > G,™^ x G^i^i. Hence, if we apply 
id xtp* m 71 to (i) we obtain, using |27|) . 

a G(5)G(T) = H{n m -' 11 (S + T + n m ST)) = a G(S + T + % m ST) mod tt 72 

which implies, since ao ^ 7rA and G^n, i x G^n, ^ is flat over A, 

G(S)G{T)=G(S + T + TT m ST) mod tt 72 . 

This means G(S) G Hom 9r (G wm! i| S ^ , G m |g^ 72 ). Moreover, we know that 

(28) H(T) P = g(l + tt 7i T) mod tt p12 B 1 . 
Hence, 

{H{T)G{S)Y =g(l + 7r^T)G(S) p mod t^ 72 (R[G^ a ] 
Moreover, it is easy to see that, since m > 71, 

Then we can substitute (i+^Xi+^s)-i to T in JUJ) and we obtain 
(H(ir m -^S + T + TT m ST)) p = 5 (1 + 7r m 5)(l + tt 7i T) mod tt P72 (i?[G„ m ,i] ®r B x ). 
By hypothesis we have that 

G(S)H(T) = H(n m -~> 1 S + T + n m ST) mod tt 72 (R[G^n tl ] ® R Bi) 
and therefore, using ((28|) . 

5 (1 + tt 7i T)G(S') p = ,o(l + 7r ro 5)(l + tt 7i T) mod Tr^ 2 (iJ[G»m.i] ®ij B{). 
This implies 

G(5) p = (1 + 7t m S) mod tt^^IG^,,!]. 

□ 

We are now able to find a candidate to be the effective model. 

Lemma 6.2.6. If an effective model for the Z/p 2 Z- action exists, it must be the group scheme 
£(tt ,7r T2 ;B p (a K S),i) j n p ar ti cu l ar> we must have a K G t72 . Moreover 72 < K < v(Xm). 

Proof. Since, as we have seen, Z/p 2 Z acts on Y then, by 16.2.31 and the previous lemma, it follows 
that rj^ satisfies (A)„(^ ( y Therefore, k < v(X^). 

By 16.2.21 it follows that the effective model is of the form £v* 2 < F ' 1 ) for some m < u(A(i)) 
and F G Hom 9r (G^m,!^ ^,G m \s^ 2 )- By 16.2.31 and I6.2l4"l we have that if a group scheme 
£•0 ,tt 7 ^;F,i) ac j. g Qn y then F = E p (a m S) with a m G nR which satisfies (A) m . Conversely, 
if m < w(A(i)) and a m G irR satisfies (A) m , then bv 16.2.31 16.2.4f 1) and 12.2.31 we can construct 
the group scheme ,t 2 -,E p {a m S),i) an( j it acts on Y compatible with the action of Z/p 2 Z. We 
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remark that by 16.1.41 the equation (A) m has (unique) solution if and only if to > n. Moreover, 
for any w(A (1) ) > m! > to there exists a model map E^™' ^ 2 ;E v ( am ,s),i) — > g(« m ,^;E p (a m S),i) _ 
Indeed, by definition of to, we have that there exists a m G irR such that 

o^HiT) =Tr m - 7l H'(T) modTr 72 . 

Therefore 

n m '- m a m H(T) = n™'^ 1 H'{T) mod tt 72 . 

But we know that 

a m ,H{T) = ir m '-^H'(T) mod tt 72 . 
And, as seen in 16.1. 4} the solution of the above equation is unique mod 7r 72 . Therefore, 
tt" 1 ~ m a m = a m > mod 7r 72 . So, bv 12.2.131 there exists a model map 

We recall that for any to > k the action of £ ' w > 7r " ,2 ; £ p( Q; m' s ). 1 ) j g given by 
Ti i — ^7r m - 71 5i + Ti + it 771 S\T\ 

F(Si)H(Ti) - H{-K m -^Si + T x + tt'^S'iTi) 



T 2 



7T^H(TT m -^S 1 + Tl + 7T m 5lTl) 

F(S 1 )H(T 1 ) (I + tt 72 ^)^) 



■H(n m -^Si + Ti + tt'-'S'iTi) i/(7r m -'nS'i + Ti + 7r m 5iTi) 
The above model map is compatible with the actions on V. In particular, we have, for any 
v (\i)) > to > k, a model map 

g(w m ,w^;E p (a m S)A) > g(n"- ;E p (a K S),l) 

compatible with the actions. Since the above model map is not an isomorphism, there is a 
nontrivial kernel H of the morphism restricted to the special fiber. Since the map is compatible 
with the actions, then H C ^^ m ,^ 2 iE p ( am s).i)^ k actg trivially on Y k . So 

g(ir m ^-E p (a m S),i) 

is not the effective model of the Z/p 2 Z-action if to > n. Hence, if an effective model exists, it 
must be ,^;E p (a K S),i) _ g ince the group g{^,7r^;E p {a K S),i) existS; it follows, by I2.2.11| that 

K > 72 and a K <E $i* )7r -r 2 • □ 

We remark that if X was of finite type over R then Y would be of finite type over R. So 
applying the theorem of existence of effective models fT.0. 91 we would have finished. We now prove 
that £( n ' 7T '" 2 ' E p( a K s )- 1 ) i s the effective model for the action of Z/p 2 Z in the general case. By 
construction the action is faithful on the generic fiber. Since X is essentially semireflexive over 
R it is sufficient, bv ll.0.17t to check the faithfulness on the special fiber. Let us suppose that the 
map 

Q k = _^ Aut k {Y k ) 

has nontrivial kernel K. Since the action of (G„ta,i)k on Y k is faithful by definition of 72, then 
K x Gk (GVn»,i)k is the trivial group scheme. Therefore, K is a group scheme of order p and 

^^■■E P { a ,S),l) )k ^ {G ^ i)kXkk 

We distinguish two cases. 

Since Y — ► Y\ is a G^-n ,i-torsor and K acts trivially on Y k , we have 



7i- 



(29) (yOk ~ Y k /(G^ 2A ) k ~ y fc /((G^»,i) fc x fe A") ~ ^/(^".^^(a.s),!))^ 

But by definition of 71, Y\ — ► X is a G^-n^-torsor, So, using the fact that k = 71, 

x fc ~ (yi) fc /(G^,!) fc ~ (^y fe /(G^ 24 )^/^(^''^ 2 ^^ s )' 1 )) fc /(G^ 2a )^ -ny^-^ 2 ^^ 5 )- 1 )),, 
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which contradicts l(29|) . since ^ (Yi) 



k ■ 



K > 71. We remark that necessarily 72 > 0. Indeed, if 72 = 0, then bv 16.1. lf ii) and 16.1.71 



necessarily k = 71. It is also clear that k > 0. Now, from I6.2T41 2) and l(22j) . it follows that the 
action on the special fiber is given by the reduction mod it of 

T\ 1 — * T\ 

a K H(T 1 )-*«-KH'(T 1 ) 
T2 ~ ^H{ Tl ) S 1+ T 2 + S 2 

We now prove that 

(30) l72g(Ti) S 1 ^bS 1 mod ir 

for any b G R. Let us suppose "^(^-^^^ ( Tl ) g 1 = 55^ mod n with b £ R. Then 



--^i) SiS&ff(Ti)Si mod7r 



with 6 € R. Therefore, 
It clearly follows that 



7T72 



= mod 7r. 

7T72 

a K — bit 12 



H(T\) = 7r K 1 11 H' (T\) modTr 



.72 



Then = a " ^ 7rT2 satisfies (A) re _i; it is easy to see that this implies a K ^\ G nR. The 



minimality of k is contradicted. So we have proved (|30|l . 

We now consider three different cases. If 72, ft < ^(An)), then 

(f (^.^, Ep{aK s),i ))k ^ apXkap = Svec(k[S u S 2 ]/(Sf, S%)). 

Its subgroups of order p different from (G^-n^k are the subgroups S 2 + bSi — with b G k. If 

72 < K — v(A(i)), then 

{E ^^;E p{an S),l) )k „ ap Xk z/pZ = S vec ( k [ Sl ,S 2 }/(Sf - Si,S£)) 

and the only subgroup isomorphic to K ~ Z/pZ is S2 = 0. Finally, if 72 = ft = v(Xn\) ) then 

(£(*V^;B p (a,.S),l)) fc „ Z/pZ Xfe Z/pZ = S pec(fc[^ 1 , S 2 ]/(S P 1 - Si, Si - Si)) 

and the only subgroups isomorphic to K ~ Z/pZ different from (Gvre.i)*: are the subgroups 
S2 + 65i = with b G F p . In any case, by (|30l) . the action restricted to any subgroup of 

^(^,^2, Ep{aK S),l)^ k ig nQt triyiaL 

We now prove the last sentence of the theorem. We have, by definition, 

(31) a K H{T 1 ) = 7T K - 11 H'(T 1 ) modTr 72 
Moreover, H(T{) G B{ and, if we consider H'(T\) G B\i„\, we have 

(32) viH'iT,)) = j, 

bv I6T21 If a K = mod tt 72 , then by JSIJ) and fH}, it follows that tt^-^+J = mod tt 72 . 

Therefore, k — 71 + j > 72 . So, by 16.1. 7\ we have k — 71 + j = 72 • While, if a K mod 7r 72 , it 

follows again from (|3Tj) and l(32|) that u(aik) = k — 71 + j. The theorem is proved. □ 

We here give a criterion to determine when Y has a structure of torsor. 
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Corollary 6.2.7. Let us suppose we are in the hypothesis of the theorem. Then Y — ► X is a 
G-torsor under some finite and flat group scheme G if and only if k = j\, Moreover, K = 71 if 
and only if 71 > 72 and H(T) = E. p {aT) mod 7r 72 , for some a £ ttR such that a p = mod 7r 72 . 
In such a case, G = £^ 1 ^ 2 > H ^ . 

Remark 6.2.8. The degeneration type of any £ ( 7r71 ' Tr72 '- E p( Q « s )' 1 )-torsor is 

(«(a /s ),7i,72,7i), 

if a K mod 7r 72 and 

(72,71,72,71) 
otherwise. This follows from l6,27rl and l6~,2.7l 



Proof. We remarked in 11.0.71 that if Y — ► X is a G-torsor for some finite and flat group scheme 
then G must coincide with the effective model Q of Z/p 2 Z acting on Y. In other words, Y — ► X 
is a G-torsor if and only if it is a 5-torsor. By the theorem we have that the effective model for 
the Z/p 2 Z-action is £ ^ > n 2 '< e p( ol k s )-> 1 ) , Moreover, there is the following exact sequence 

— ► G n ~/2 1 — * 

By 1 1.0.81 (i). we have that GvYa.i is the effective model of the action of Z/pZ C Z/p 2 Z on Y. Now 
if Y — > X is a C?-torsor, then it satisfies the hypothesis of 11.0.81 (iii), then G„* t i is the effective 
model of the action of Z/p 2 Z/Z/pZ on Y\. But by the definition of 71, we have that Y% — > X is 
a Gtt-ii ^-torsor. Then, again bv ll.0.71 we have G^i ~ G v -n t i, which implies k = 71. 
Let us now suppose that k = 71. We recall that 

Y = Spec(A[Ti,T 2 ]/( — f u — — )) 

Moreover, by definition of k, we have a K H(T) = H'(T) mod 7r 72 . Then, by 16.2.51 it follows that 
H(T) = E p (a K T) mod tt 72 . Now let us substitute T 2 H(T 1 )- 1 to T 2 . Then we obtain 

Y = S pec W ,T 2 l/( " + ^)'-' - /„ (H(T,) + ^(l + ^T,)-- a )) 
By definition of g^ 11 ^ 2 ;E P ( aK S),i) there existg q £ Hom 3r (g( 7rT1 ) | SjrPT2 , G m \s„ P -y 2 ) such that 

E p {a K Sf{l + ^S)- 1 = G( (1 + 7r J^ )P ~ 1 ) G Hom flr (0(- T1 )| S ^ 2) G m | Sw „ 2 ). 

We remark that, if we think E p (a K T 1 ),G(Ti) £ .BJ", the previous equation gives 

SpKTiJP (1 + ^Tx)- 1 = G(/i) mod tt^Bl 

However, we have that H^Y^+tt^Tx)- 1 ee J B p (a K Ti) ?, (l + 7r 7i ri)- 1 ee g mod ^B x . There- 
fore, using l4T~4l 

g ee G(/i) mod7r P72 A 

i.e. 3 = G(/i) +ttP 72 / 2 for some / 2 £ A. Hence, by 031 ^ — > X is a £ (^^ 72 ;M^s)a)_ torsor . 

We now have, by definition of k, that «; = 71 if and only if there exists a K £ nR such that 
(33) a K H(Tx) = H'{Tx) mod tt 72 

We remark that, since k > 72, K — 71 only if 71 > 72. In such a case, bv !6.2.5t H(T\) satisfies l(33|) 
if and only if there exist a K £ irR such that a p K = mod 7r 72 and H{T{) = E p {a K T{) mod 7r 72 . 

□ 

In particular we obtain the following result. 

Corollary 6.2.9. // 71 < 72 (or equivalently v(D(hx)) > v{T>{h2))), then Y — ► X has no 
structure of torsor. 

Remark 6.2.10. Unfortunately we have no example of coverings with 71 < 72. So we don't know 
if this case can really occur. 
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Example 6.2.11. We here give an example, for any p > 3, where Y — ► X is not a (?-torsor under 
any group scheme Q. Notation is as above. We moreover suppose that there exists /i G A* k \A* k p 
such that Ak \ ^ 0- Take 71,72 such that v(p) > pji > p 2 ^2 > 0. In particular we have 

v(p) > (p - 1)71 +P72- Let us take liftings in A of f\ G A* k \ A* k p and / 2 e4 \ ^[/l] which we 
will again denote by /1 and f%. Moreover, let us consider g = fi + 7r P72 / 2 G A*. We consider the 
Z/p 2 Z-torsor Yk — ► Xk with 

Y K ~ Spec(^[T]/(Tf 2 - (1 + 

For instance, we can take A = R[Z]^.z), 7i = P+T, 72 = 1, fx = ±+Z 2 , J 2 = Z, g = 1 + Z 2 + ir p Z. 

Then we consider Spec(£?i) = Spec(yl[Ti]/(- /i))- Since /1 is not a p-th power 

mod 7r then Spec(.E?i)fc is integral and Spec(£?i) is normal (see 14.1. 5|) . So Y\ — Spec(Bi). We 
remark that by hypothesis we have that Tf = fi mod 7r P72+1 . We now take H(T\) = T\ G B*. 
Then we have, by construction, 

gil + ir^T^-H^) 



7TP72 



/ 2 mod 7T. 



So we consider 



Hence 



Spec^A^ 7 ^- 1 - gg^l^)) 

Spec(S fc ) = Spec(A[Ti,T 2 ]/(T? - /i,T 2 p - £)) 

Ji 

Since (-Bi)j! = and /a ^ then Spec(-Bfc) is integral, therefore Spec(B) is normal. 

Hence, Y — Spec(B). The degeneration type of Yk — > is (0,71,72,71+72)- Indeed H'(T\) 
1 . so 

aTi = 7r K ^ 71 mod vr 72 

if and only if a = mod 7r 72 and K — 71 > 72 ■ Since k < 71 + 72 — j this means k = 71 + 72 and 
j = 0. The effective model is 

g _ ^(TT^l+Ta,^;!,!) 

Since k = 71 + 72 > 71 then Y is not a C/-torsor by 16.2.71 

7. Realization of degeneration types 

We have shown in the above section that the degeneration type has to satisfy some restrictions. 
We here want to study the problem of determining the elements of N 4 which can be degeneration 
type of some cover Y — ► X. The notation and the hypothesis are the same as in the previous 
section. 

Definition 7.0.1. Any 4-uple (j, 71,72, k) G N 4 with the following properties: 

i) max{7i,7 2 } < K < v(A(i)); 

ii) 72 < p(k - 71 + j) < Pl2\ 

hi) if k < P72 then 71 - j = w(A (1) ) - u(A (2 )) = ™; if K > pj 2 then < 73(72 - j) < 

v(p) - p7i + k; 
iv) pj < 71; 
will be called an admissible degeneration type. 

Remark 7.0.2. We remark that if k < P72, then j is uniquely determined from 71 and moreover 
i) and hi) imply iv). The first assertion follows from hi). For the second, we note that, if n < P72, 
multiplying hi) by p, we have P71 — pj = (p — l)w(A(i)), since pv(A( 2 )) = u(Am). Therefore, by 
i), we have 

7i ~Pj = (P~ l )( v (\i)) -71) > 0. 
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Moreover, we remark that we always have 

< k - 71 + j < min{72,w(A( 2 ))}. 

By ii) we have to prove only k — 71 4- j < v(X( 2 ))- Moreover, since u(Am) > k > p^ 2 implies 
72 < U (A(2)), we have to consider only the case k < pry 2 . But by iii) and i), it follows that 

v(p) 

n-ji+j = K — < u(A(i)) - u(A(i)) + u(A(2)J = u(A(2)). 

Lemma 7.0.3. Any degeneration type (j, 71,72, k) attached to a TLjp^TL-torsor Yk — y Xk is 
admissible. 

Proof, i) comes from definitions and 16.2.61 while iv) has been proved in I6.1.1f i) . We now prove 
ii). Bv l6~2~Tl it follows that the effective model of the action of Z/p 2 Z on Y is £(^^ yi ;E P (<* K ),i) 
with v(a K ) = k - 71 + j, if a K ^ 0; and n - 71 + j = 72 if a K = 0. Since, by 16.2.61 a K G <J>i* )7r 72 , 
then 

(34) o% = modTr 72 . 

Hence, we have 

72 < p(« - 7i 

From I6.1.7[ it follows that k — 71 + j < 72 . This proves ii) . 

Let us now suppose k < pj 2 . Since a K 6 ^ , by 12.2.111 and [272. 12\ we have that 

, ■ v(p) 

K-7l+J=K , 

P 

which implies 71 — j = ^p.. While, if k > p~/ 2 , by 12.2.11] we have that 
pv(a K ) = p(k - 71 + j) > P72 + (p - l)rt - u(p) 

which gives 

p(72 - i) < v(p) - P71 + k. 
We remark that 72 — j > comes from 16. 1717 ii). Hence iii) is proved. □ 

Definition 7.0.4. Any admissible degeneration type, which is the degeneration type attached to 
a Z/p 2 Z-torsor Yk — ► Xk, such that the normalization Y of X in Yk has integral special fiber, 
will be called realizable. 



We now see, as a consequence of theorem 16. 2.1[ what happens in some particular cases. 

Proposition 7.0.5. Let us suppose Yk — ► Xk has (i,7i,72 ) «0 as degeneration type. 

i) If j < W (A(2)) then pj = 71 if and only ifY is a G^i 2 -torsor. Moreover, the degeneration 
type is (J,pj, j,pj) ■ In particular Y is a [i v i-torsor if and only i/71 = 0, i.e. v(V(hi)) = 
v(p). 

ii) j = v(X(2)) if and only ifY is an £^ (1) '*' 12 < E p( r i-* s ')'V -torsor. Necessarily 72 > v(X( 2 )) 
and the degeneration type is (v(X(2)), v(Xm), 72, u(Am)). 

iii) 72 = j if and only ifY is a E^" 11 •*' T2 i 1 ' 1 ) -torsor. Necessarily 71 > P72 and the degeneration 
type is (72,71,72,71)- In particular Y is a £v 7rT1 1 1 ; 1 * 1 ) -torsor if and only if 72 = 0, i.e. 
v(V(h 2 ))=v(p). 

iv) Let j = 0. Then Yk — ► Xk is strongly extendible if and only «/ 72 = 0, 

v) Y is a Z,/p 2 Z-torsor if and only i/72 = v(Xm), i.e. v(T>(h,2)) = 0. And the degeneration 
type is (v(X {2) ),v(X {1) ),v(X {1) ),v(X {1) )). 

vi) J/71 = v(Xm), i.e. v(T>(hi)) = 0, then j = min{72, i>(A( 2 ))}. So we are in the case (ii) 
or (iii). 

Remark 7.0.6. The example 16.2.111 is in the case iv). 
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Proof. By the previous lemma (j, 71,72, «) is an admissible degeneration type. 

i) Let us suppose 71 = pj. If k < pj 2 , then by I7.0.1f iii) it follows that 

(P-I)j=7i-J = — = (P-1MA {2) ), 
but this is in contradiction with j < u(A( 2 )). Hence k > 7372. Therefore, bv l7.0.1f ii). 

(p - 1)72 < « - 72 < 71 - 3 = (p - 

But, by I7.0.1f iii). 72 > j. Hence, 72 = j. So, by 16.1.71 K — 71, Then, by 16.2, 7) we have 
that Y is a £ ' 7r ^ '^^-torsor. But, as we have seen in the example 12.2.71 

c(tt j ,TT PJ '.1.1) /-~» 

Conversely, as remarked in 16.2.81 (j,pj, j,pj) is the degeneration type of a G TJ 2 -torsor. 

We now observe that, in particular, Y is a /i p 2-torsor if and only if 71 = pj — 0. But, 
since pj < 71 fsee l7.0.lT iv)). then it is true if and only if 71 = 0, as stated. 

ii) Let us suppose j = v(A( 2 )). By I7.0.1f i).(iv) we have 71 = pj = w(A(i)) and n — w(A(i)). 
Therefore, bv l6~2~T| we have that £(^" (A<1)) ^ 72 ;E p (a K s),i) ig the e ff ect i ve model. In partic- 
ular, there is a model map 

Z/p 2 Z ~ £;( 7r " (A<1)) ^ 1,(A<1)) ;- E p('fT5'),l) > g{^ v{X m\^;E p {oL K S),l) 

Hence, by 12.2.131 it follows that 

a K = r/^ mod 7r 72 . 

So, hv l6X7l Y is a ^^''^^^^-torsor. Conversely, if Y is a 
torsor then, by 16.2.81 the degeneration type is 

(«(%), u(A ( i)),72,i;(A(i))). 

So j = = U (A(2))- We observe that j = u(A( 2 )) < 72 by l6.1.1f ii). 

iii) Rom [6~2~71 and 11x2.81 it follows that Y is a ^ ;1,1 )-torsor if and only if k = 71 and 
72 = But, bv 16.1.71 72 = j implies n = 71. The thesis follows. From l2~2~7| it follows 
that 71 > P72. And bv 16.2.81 we have that the degeneration type is (72,71,72,71)- Now 
if 72 = then, by I6.1.1[ j = and we have the last sentence. 

iv) If j = 0, then from l7.0?TT ii) we have 

72 < p(« - 7i) < P72- 

The thesis easily follows from 16.2.71 

v) ByE£2Jl it follows that a Z/p 2 Z-torsor Y — > X has 

(w(A( 2 )), v(A(i)), w(A(i)), f (A ( i))) 

as degeneration type. Now let us suppose 72 = ^(Am). Since, bv l7.0,lf ^. u(A(i)) > K > 
72 then k — u(A(i)), Therefore, the effective model for Y is Z/p 2 Z, since it is a model of 
Z/p 2 Z which is an extension of Z/pZ by Z/pZ f see !2.2. 13|) . Let a be a generator of Z/p 2 Z. 
Since 72 = i>(An)), then, bv 15.0.11 Y — > Yi is a < cr p >-torsor. In particular, < a p > 
has no inertia at the generic point of the special fiber. This implies that Z/p 2 Z =< a > 
has no inertia at the generic point of the special fiber. Let us now consider the action 
of < a > / < <r p > on Y\ = Yj < a v >. If o d \(y 1 ) h = id then we will have the following 
commutative diagram 

Y k - *Y k 



[Y k )/ <aP> 
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This is a contradiction, since aiy k ^ id. So < a > / < o v > has no inertia at the generic 
fiber, therefore Y\ — > X is a Z/pZ-torsor, bv l5.0.1l Hence 71 = ft = Am, which implies, 
bv RT2~7l that y — >lisa Z/p 2 Z-torsor. 
vi) Since, bv l7.0.1f i). v(A(i)) > ft > 71, if 71 = «(A(i)) then n = 71. So by I7.0.1f iii) 

j = u(A (2) ) 

if 71 < P72 (i.e. 72 > v(A(2))), and 

j = 72 

if 7i > PI2 (i.e. 72 < w(A (2 ))). 

□ 

Remark 7.0.7. Let us suppose that p\v(p). Then, for instance, 

is admissible for < j < v(X( 2 )), but is not realizable, if j 7^ w(A( 2 )), by the point (v) of the 
proposition. 

So we have seen that, in general, not all the degeneration types are realizable. But we now see 
that it is true for admissible degeneration types with k — 71 < v(Xm). They are degeneration 
types attached to (Z/p 2 Z)if-torsors which are strongly extendible. 

Theorem 7.0.8. Let us suppose that R contains a primitive p 2 -th root of unity and that p > 2. 
Let X :— Spec A be a normal essentially semireflexive scheme over R with integral fibers such 
that 7r S TZa- We assume p 2Pic(Xx) = 0, H 1 (Xk, /%,) 7^ and that there exists / £ 4 \ A k v 
such that A* k % A p k [f]. Then any admissible degeneration type (j,7i,72,k) with k ~ 71 < v(X^) 
is realizable. 

Remark 7.0.9. The hypothesis H 1 (Xk, 7^ is necessary; otherwise, for instance, it is not 
possible to construct /i p 2-torsors with integral special fibers. Let us now consider a E^ 1 ' 1 ' 1 ' 1 '- 
torsor with v(X^) > 71 > 0. From H2.3I it is of the form 

y = s P cc(A[r 1 ,r2]/( (1 + ^ l)P " 1 - /i,Tf(i + ^ro- 1 - j 2 )) 

for some /1 G A and / 2 & A* . We stress that for any g e A we will denote again by g its image in 
A k . We remark that Y k = 8pec(A k [T u T 2 ]/(Tf - f u If - / 2 )) is integral if and only if f x £ A k p 
and /2 S A* k but / 2 So if the last condition would not be satisfied, there would not be 

£(7i,i;i,i)_t orsors with integral special fiber. While the hypothesis 71 < v(X^) is technical and 
it should be removed adding appropriate hypothesis on X. 

Proof. We recall that in this case to be an admissible degeneration type means 

i) 71 < v(X {1) ); 

ii) 72 < Pi < Pl2\ 

iii) if 71 < P72 then 71 - j = w(A (1) ) - w(A( 2 )) = if 71 > P72 then p(7 2 - j) < 

(p - l)(«(A(i)) -71); 

iv) pj < 71; 

We remark that (iv) is in fact implied by the others. Indeed, let us suppose that pj > 71. 
Then by (ii) we have P72 > pj > 71. But we know, by 17.0.21 that if pr/ 2 > 7i then pj < 71. 

Since ft = 71, it follows, by 16.2. 8[ that if (j, 71, 72, ft) is realizable it is the degeneration type of 
a £;(7i,72;Bp(a T1 s)4)_^ orsor ^ w jth v(a 11 ) — j if a 7l 7^ and j — 72 if a 7l = 0. For any 71,72 as in 
the degeneration type, by 12.2. Ill there exists a group scheme £( 7rT1 ' 7r72 ' £ p( aS ')' 1 ). If a 7^ then we 
can choose a such that v{a) = j, where a G R is a lifting of a. In fact, if 71 < P72 it is automatic, 
by 12.2.121 and iii), that v(a) = j. We call a = a 7l . 
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We now construct a normal S^'^'^p^-n^^'-toTSOT with integral special fiber. First of 
all, we remark that if 71 = then 72 = and £hi:i2;E p ( ayi s),i) ^ ^ 2 So if we take y = 

Spec(A[T]/(TP - /)) with / e A* not a p-th power mod w, then Yfc is integral. Hence Y is 
normal by 14.1.51 

We now suppose 71 > 0. Let us take 71,7*2 € A. Since 7r e 7£a, then 1 + ir pll fi G A* and 
E p ( a PJi) + TT p ^f 2 E A*. Then we can define the £(7i>72;E p (a 71 S),lL torgor 

r . S P « ^A[Ti,T 2 ]/( — ~ (^°^ 1 ) + .^^^T, ) --q.KA) _ J . ) 

See ^2.31 and l2.2. 101 We have only to find /1 and 72 such that V has integral special fiber. Take 
fi such that /1 is not a p-th power mod tt and A£ ^ Then we have that the special 

fiber of 

/ (1 + 7r 7l Ti) p - 1 
Y 1 = Spec(B0 = Spec Upi]/ ^ + ^ /1) 

is integral. We now consider 

Y = Spec ^[r 2 ]/( V 71 11 ^ pJ_jn£U f%) 

Since 72 < 71 then 72 < u(A(x)). The special fiber is 

E p (a 11 T 1 )-'P{l + -K^T 1 )E p (aPJ 1 ) - 1 



n = S P ec (BOfcpTal/fZf 



7TP72 



Let -P(Ti) := 13 . If P\T\) + 72 is not a p-th power mod 7nBi, then 

Yfc is reduced. While if P(Ti) + f 2 = Pi(Ti)p mod tt for some Pi(Tx) G 7^* then we substitute 
72 + /3 to /2 with /3 not a p-th power mod ttBi . The fact that 73 is not a p-th power mod irBi 
means, as one can easily check, that 7*3 mod tt does not belong to Such 73 there exists 

by hypothesis on f\. Now, if 

P{Ti) +f2 + h = P2 {TiY mod ttB 1 

for some P 2 {Ti) E 5*, then 

f 3 = (P 2 (T 1 )-P 1 (T 1 )f mod TT-Bi. 

Then it follows that /3 is a p-power mod irBi , against hypothesis on 73 . 

Finally, we verify that Y has (j, 71, 72,71) as degeneration type. Since n — 71, by 16.2.11 we 
have that the degeneration type is (v(a 7l ), 71, 72, 71) if a 11 ^ and (72,71,72,71) if oe 7l = 0. 
But, since we have chosen <x~ 11 such that (Xy 1 — and j — 72 or v^ca^A — j and ct~ /1 7^ 0, then we 
have the thesis. 

□ 
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